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THE FOURTH SPATIAL DIMENSION AND THE CONSTRUCTION OF THE HYPERCUBE

Section 1. Mathematics

https://doi.org/10.29013/EJTNS-22-5-3-20

Avdeev Vladimir Vasilievich,
Candidate of biological sciences,
Vladivostok, Russian Federation

THE FOURTH SPATIAL DIMENSION AND THE
CONSTRUCTION OF THE HYPERCUBE

Abstract. A different approach to understanding the nature of three-dimensional space is con-

sidered. This made it possible to geometrically determine the directions of the vectors of the fourth

spatial dimension relative to the center of Universe and construct an octal hypercube. The connection

between the Egyptian triangle and the vector of the fourth spatial dimension is established.

Keywords: Fourth spatial dimensions, hypercube, Egyptian triangle, pyramid of Khafre, Universe

of Light.

Asdees Bradumup Bacurvesuy,
Kanoudam 6uor02uecKux HAyK,
Baadusocmox, Poccuiickas Qedepayus

HETBEPTOE NPOCTPAHCTBEHHOE NSMEPEHME
N NOCTPOEHUE TMMNEPKYBA

Annoranusa. PaccMaTpuBaeTcs HHOM MMOAXOA K TOHMMAHMIO IIPUPOADI TPEXMEPHOTO IIPOCTPaH-

CTBa. JTO II03BOAUAO FeOMeTPUYECKHU OITPEAEAUTD HAlIPABAEHHUS BEKTOPOB 4-TO IPOCTPaHCTBEHHOTO

H3MepeHHUsI OTHOCUTEABHO IleHTpa BceAeHHO U TOCTPOUTD BOCbMEPHYHBIH THIIEPKY0. YCTaHOBACHA

CBA3b €TUIETCKOTO TPEYTOABHUKA C BEKTOPOM 4-I0 IPOCTPAaHCTBEHHOTO H3MepeHH L.

KaroueBble cAOBa: YeTBepPTOE IPOCTPAHCTBEHHOE U3MepeHHe, THIIePKy0, eTHIIeTCKUI TPeYTOAb-

HUK, TMpamMupa XeppeHa, Bceaennas Caera.

IIpeaAMeTOM HaCTOSAIIMX HCCACAOBAHHUI, TIOA-
KpeIAeHHBIX FeOMeTPUIeCKUMH IIOCTPOECHUAMH,
SIBASIETCS 4YeTBEPTOe MPOCTPAHCTBEHHOE U3Me-
peHue. Peub MAET He O YeThIpEXMEPHOM IIPO-
CTPAHCTBe-BPeMEHU TeOPHUH OTHOCHTEABHOCTH
(HPOCTpaHCTBe Munkosckoro) [1]. to pomoa-

HHUTEAPHOE N3MEPEHHNE K TPEM O6I].[€I/13BeCTHbIM
HN3MEPEHISIM — AAMHE, IIMPHUHE 1 BbICOTE. Qusu-
KM CYMTAIOT ero msaThiM. O6bpIdHO ITpH IIOIIBITKE
060CHOBaTh CymeCTBOBaHHE paCCMaTpHUBAE€MOTI'O
HN3MEPEHNS PYKOBOACTBYIOTCA CYyIIECTBYIOIIMMU
IIPEACTAaBACHHSIMU 06 OAHOMEPHOM, AByXMEPHOM
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Section 1. Mathematics

U TpexMepHOM IpocTpaHcTse. [eomerpuuecku
9Ta IIOCAEAOBATEAPHOCTD IIEPEX0AA K 0OBeMY OT-
pa’keHa AMHHET Kak CAEAOM OT ABIDKEHUS TOUKH,
IIAOCKOCTBIO — KaK CAEAOM OT ABIDKEHFSI AMHHU
U TEAOM — KaK CAEAOM OT ABIDKEHHSI IIAOCKOCTH.
Bo Bcex cAydasix ABIDKEHME OCYILeCTBASIETCSI 110
HAIIPABAEHISIM He 3aKAIOYEHHBIM B 9THX reoMe-
TPUYECKUX PUrypax.

Kaszaaocp 6bI, TaKOI XOA PACCY>KAEHHI II0-
3BOASIET PACCMATPUBATD [IPEAIIOAATAEMYIO YEeThI-
pexmMepHYI0 GUIypy KaK CAeA OT ABIDKEHIS TeAQ.
Cy1mecTByeT IpeACTaBAEHHUE, ITO YeTHIPEXMEPHOe
IIPOCTPAHCTBO MOXKHO IIPEACTABUTD KaK Oecko-
HeYHOe KOAMYECTBO TPEXMEPHBIX IIPOCTPAHCTSB,
PACIIOAOXKEHHBIX IO YETBEPTON OCH KOOPAUHAT.
VIMeHHO TaKOro HAIPaBAEHMS MbIIIACHUS IIPH-
AEPIKUBAIOTCS Te, KTO, CABUTAsI Ky0 B IIpeATIOAara-
eMOM UMH YeTBEPTOM U3MePEHHUH, IIOAYIAIOT 3aM-
KHYTYIO 00BeMHYI0 QUTYPY, COCTOSIIYIO U3 ABYX
TCPYIII [IAPAAAEABHDIX AHUI, KOTOPBIE COEAHEHBI
APYT C APYTOM IIOA IIPSIMBIM YTAOM K CBSI3BIBAIOT
AHAAOTHYHbIE BEPLIMHBI 9TOIO TPEXMEPHOTO TeAQ
B €r0 HA9aABHOM U I3MEHEeHHOM IIPOCTPAHCTBEH-
HoM noaoxkennu (Puc. 1a.) [2]. Peus uaer 06
OAHOM 13 aHAAOTOB [ TAaTOHOBBIX TeA, H3BECTHOM
II0A Ha3BaHHEM «TeCCePaKT> M IIPHHUMAeMOM 32
TUIIEPKyO YeThIPeXMEPHOrO IPOCTPAHCTBA.

OAHaKoO 3AeCh HAAWIIO SIBHOE HECOOTBET-
crBue. Ecau peus upeT 0 TeccepakTe Kak O ruiep-
Ky0e, CO3AQHHOM ABIDKEHHEM Kyba B HaIlpaBAe-
HUU [IPEATIOAATAaeMOTO YeTBEPTOrO H3MepeHus,
TO 9TO HHUKAK He AAeT OCHOBAHHE CYUTATh €ro
TaKOBBIM. [eoMeTpruecKu TUIEepPKyOOM YeTbl-
PEeXMEPHOrO IPOCTPAHCTBA AOAXKEH ObITH MHO-
TOrPaHHUK, TAe popMa KyDa AOAKHA ObITH HeH3-
MeHHa KaK Ha yPOBHE 9AeMEHTOB, CAATAOLIUX ero
CTPYKTYPY, TaK U Ha YPOBHE €ro KaK [JeAOrO.

B 2011 cBsI31 BO3HHKAET COMHEHHE B IIPABO-
MEPHOCTH CYILIEeCTBYIOIIErO IIOAXOAQ B IIOMCKe

yeTBepTOro uaMepenus. Ecau aBmwxeHue Tod-
KU, AMHUU U IAOCKOCTH IIO3BOASIET OCO3HATh
CYIeCTBOBaHIE TOABKO Tpex U He Hoaee mpo-
TSDKEHHOCTEH TPeXMEPHOI'O MUPa, TO ABIDKEHHE
TeAa B IIPOCTPAHCTBE B HAIIPAaBACHHUH HE 3aKAIO-
YEeHHOM B HEM U IIPU 3TOM IMEePIIEHAUKYASPHOM
K TPeM OCSM ero U3MepeHHs He II03BOASIeT BbI-
HECTH IIPEACTABACHHE O CYIIHOCTU 4eTBEPTOrO
usMepeHust. Mbl OyaeM UMeTb A€AO TOABKO C IIpsi-
MOAWHEWHBIM ABIDKEHHEM TOYE€K, AUHUH U IAO-
CKOCTEH, CAAralolux TPeXMepHOe TEAO.
CAeAOBaTeABHO, B MUPE OAOOHBIX pOPM deT-
BEpTOE U3MEPEHHE 3TO He ellje OAHA Mepa IIPOTs-
JK€HHOCTH TPEXMEPHOTO IIPOCTPAHCTBA B HEIIO-
CTHDKMMOM AAS HAC HAIIPAaBACHUH, 2 HEUTO APyroe
U eT'0 HAaAO FICKATb BHYTPH ero nposiBAeHnss. OHo
COIIPSDKEHO C HUM M SIBASIETCS OTPaXKeHUEM CY-
11 CTBOBAHSI HEKOW IPUYHHHOCTH, 00YCAABAH-
BaIOII[E€M, C OAHOM CTOPOHBI, IIPOSIBACHHE U3 He-
OBITHSI OAHOMEPHBIX M AByXMEPHBIX 9IAEMEHTOB
IPOTSDKEHHOCTH, a C APYTo, — $OopMHUpOBaHHe
U3 HUX CTPYKTYPBI TPEXMEPHOIO MPOCTPAHCTBA.
B aTOM cAy4ae mpaBoMepHBIM OYAET IIPEeACTaBAE-
HUE O YeTBEPTOM U3MePEHUH KaK O BEKTOPE, 00~
€AMHAIONIEM CBOMCTBA TPEXMEPHOTO IPOCTPaH-
CTBa OTHOCUTEABHO IIeHTPa ero pOopMUPOBaHHSL.
CymrecTByromye Ha AQHHBIN MOMEHT 3aTPYA-
HEHUS B ONIPEACACHUH YeTBEPTOIO U3MEPEHH U3-
HaYaAbHO IPEAOTIPEAEAEHbI BECbMA YIIPOILIEHHBIM,
IIOAHBIM YCAOBHOCTEM MPEACTAaBACHHEM CYILIHO-
CTH OKPY>KaloIl[ero Hac TpeXMepHOro Mupa. Mer
BOCIIPMHMMAEM €0 OTHOCUTEABHO HAllleTO TPex-
MEPHOI'O T€AA KaK HEKO€e IPOCTPAHCTBO C TpeMs
YCAOBHBIMM KaTETOPHAMHM €TI0 IMPOTDKEHHOCTH:
AAMHOY, ITMPUHOF U BBICOTOH. DTO 0OYCAOBAEHO
YCAOBHSIMU IIPOXKUBAHUS YeAOBEKA Ha 3eMAe, TAe
KaK HH [TAPAAOKCAABHO, €0 CO3HAHME U MUPOOIITY-
IjeHHe BO MHOTOM IIPEAOITPEACACHbI HEM3MEHHbIM
IIPOSIBACHHEM BEPTHUKAAU B IIPOTSDKEHHOCTH TEA
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THE FOURTH SPATIAL DIMENSION AND THE CONSTRUCTION OF THE HYPERCUBE

OTHOCHUTEABHO ITIOBEPXHOCTH Halllerl IAAHETbI. IIPEBOCXOACTBO Ha TOPU3OHTAAPHOM ITAQHE BEAH-

Ecan aTa npoTsoKeHHOCTD BCErAd CTPOTO OPHEH-  YMHbI OAHOM IMPOTSDKEHHOCTHU HaA APYTOH.

THPOBaHA OTHOCUTEABHO IIEPIIEHAUKYASIPA Ha Hee, Ha npakTuke AAS onIpeAeAeHHSI MeCTOIIOAO-
TO AAMHA M IIMPUHA AAS YCTAHOBACHUS IIOAHOM  >KeHHS TOM MAM MHOM TOYKH B IPOCTPAHCTBE HC-
06'beMHOI TPOTSDKEHHOCTH TeAA B CBOMX HAIIPAB-  [IOAB3YIOT AEKAPTOBY IIPSIMOYTOABHYIO CUCTEMY

ACHMIX BECbMa YCAOBHbBI 1 HECYT B ce6e TOABKO KOOpAHHaT.
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PucyHok 1. lNocTpoeHune «TeccepakTa» Ha MNJOCKOCTU — OAHOr0 U3 aHanoros [11aTOHOBbLIX
Ten, paccMaTpmBaeMbix Kak rmnepkyo (a); MOCTPOEHME YeTbIPEXMEPHOr 0 runepkyba (0)

Hanpumep, Haxoasch B moMeneHus, yeaoBek  IIpu aToM AASI Hero He MMeeT 3HaUYeHKe OTHOCHU-
IPOELUPYIOT IPSIMOYTOABHYIO CHCTEMY KOOPAH-  TEABHO, KAKOTO YTAA OYAET BbIOPAHO HAYaAO KOOP-
HAaT Ha MCCAeAyeMOe 3aMKHYTOe MIPOCTPAHCTBO.  AMHAT. OH PyKOBOACTBYETCSI TOABKO YAOOCTBOM
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Section 1. Mathematics

AASL AOCTIDKEHHS IJeAU. TakoM MeTOp OpueHTa-
IJUH B IPOCTPAHCTBE UCIIOAb3YETCS U IIPH BBIXOAE
3a ImpeAeAbl 3eMAU. 3AeCh OIIPpeAeACHHE IIOAOXKe-
HUSI KOCMHUYECKOTO aIllapaTa B IPOCTPAHCTBe
TaKXXe OCYIIeCTBASIETCS C UCIIOAb30BaHUEM Ips-
MOYTOABHOM CHUCTeMbI KOOPAUHAT.

Ha Mo11 B3rasia, Bo Bcex CAy4asx TaKOH IIOA-
XOA B IOHMMAaHHUY MEPHOCTH IIPOCTPAHCTBA, XOTS
Y [TIO3BOASIET PelIaTh MpaKTHUYeCKHe 3aAa4u, HO
B IIAQHE OCO3HAHMSI HICTUHHOM IIPUPOABI OKPY>Ka-
IOIIero Hac MUpa Kak TPeXMepPHOU CUCTEMbI IIPHU-
YMHHO-CAEACTBEHHBIX CBA3el, AeAdeT pelleHne
3TOM 3aAA4M 3aTPYAHUTEAbHBIM. IAaBHOM mIpo-
0AeMOI1 SIBASIETCSI OTCYTCTBHE TIOHUMAHHS TOTO,
KaK COOTHOCHTCS pacCMaTpHBaeMasi CHCTeMa 13-
MepeHUM C LIeHTpoM cpepbl BceaenHom — ncrou-
HUKOM IIPOSIBACHHSI IPOCTPAHCTBA U BpEMEeHHU.

[TonpoOyeM, HCIOAB3YSI TeOMeTpUYECKHE
MIOCTPOEHUS, B3TASIHYTb Ha 9TY aKTYaAbHEHIIyIo
IpoOAEMY KOCMOAOTHH HECKOABKO ITOA HHBIM
YIAOM 3peHusL. AASI 9TOTO IPUBAEYEM Ky Kak MO-
A€Ab, KOTOPasi HA€AAbHO OTpa’kaeT TpexMepHoe
MIPOCTPAHCTBO B IpeaeAax chepsl BceaenHoi.
ITpeacTaBuM, YTO MBI HAaXOAMMCSI BHYTPH €rO
3aMKHYTOTO IIPOCTPAHCTBA U IPU 9TOM TaKHe
MOHATHS KaK BbICOTA, AAMHA U IMIMPUHA AASL HAC
He cymecTBy0T. Oco3HaBasi €eAUHCTBO TaKOTO
MIPOCTPAHCTBA, MbI AOAKHBI COTAACUTBCS C TEM,
4TO Ka)XKAAsl U3 BOCBMH BEPUIMH Ky0a B PaBHOM
Mepe MpeTeHAyeT Ha Ha9YaAO CaMOCTOSTEAbHOM
MPSIMOYTOABHOM CHCTeMbl KOOPAUHAT.

Mcxoas U3 9TOM MPEATIOCHIAKH, IIOIIPOOyeM
HaliTH CBO€ MECTOIIOAOKE€HHE OTHOCHUTEABHO
BOCbMHM CUCTeM OTc4YeTa. Mbl CTOAKHEMCH C TeM,
4TO B KXKAOM TOYKEe IMPOCTPAHCTBA, 32 UCKAIO-
4eHHEM ero IJeHTPa, KOOPAUHATBI OTHOCUTEABHO
HUX OYAyT pasHble. Bo3HMKaeT mmapasOKCaAbHasI
CUTYaI[us — C OAHOM CTOPOHBI, €CTb OCO3HAHHeE
€AMHCTBA IIPOCTPAHCTBA, a C APYIOH, — HaAH-

110 BOCBMEPUYHOE IIPOSIBACHHE €r0 TPeX Mep.
TOABKO B LjeHTpe 9Ta ABOMCTBEHHOCTb HUCYe3a-
eT ¥ eAHCTBO BOCCTaHABAMBAeTCs. Takum 06-
pasoM, Ha IpUMepe 3aMKHYTOIO IPOCTPAHCTBA
Ky0a, B [TAQHE OCO3HAHUS CYIHOCTH TPeXMep-
HOI'O IIPOCTPAHCTBA BO BceAeHHON, mOAydaeT
CBOIO AKTYaABHOCTb LIEHTD ee cdepbl, KaK TOUKA
IIOPOXKAEHHS 1 0ObeANHEHHS CTPYKTYPbI IIPO-
CTPaHCTBEHHO-BPEMEHHOI'O KOHTHHYYMa.

A\ASL BBISICHEHHMSI CKPBITBIX CBOFCTB Ky0a, KaK
OITHMAaABHON pOPMBI [IPOSIBAEHUS TPEXMEPHOTO
IIPOCTPAHCTBA B IIONBITKE HAXOXKAEHHS B HEM Ha-
IIPaBAEHMs Y€TBEPTOrO M3MEPEHNSI ¥ BbLICHEHUSI
CBSI3U €r0 C IPOTSDKEHHOCTBIO OTHOCHTEABHO
IIeHTPa CO3MAAHUS, OOPATUMCSI K [TOCTPOEHH-
siM Ha pucyHke 16. Ho mpeskpe caeayeT HamoM-
HUTb, YTO PaHEe MHOIO 110 9TOMY BOIIPOCY OBIAO
cKa3aHo caepyiomiee: “K kakuM OBl MOIBITKAM
MaTeMaTHIeCKOTrO OOOCHOBAHUSI BO3MOXKHOIO
CyI[eCTBOBAHUS Y€TBEPTOTO U3MEPEHHUS MbI He
npuberaau, oHo He Oydem ykasvieamv HA pedaib-
Hyto pusueckyio cumyayuro. Tem 6oree noimamucs
HAITH AOTIOAHUTEABHOE HAIIPABACHUE, NepneHdu-
KyASpHOe Cpasy K mpem 6 Haulem npocmparcmee.
Bedv cymv maxozo cmpemrenus doaxcHa c600umo-
Csl He K NOUCKy nepneHOuUKyAspHocmu, a K 00sedu-
Henuto cyuecmeyroujezo” [3,108].

IIpuHMMasi 9TO MPEABAPUTEABHOE 3aMeva-
HUe K CBEAEHHIO, IIONpobyeM 060CHOBATH TO,
YTO MOXKET 0OBEAUHSTh TP MepHI IPOTSDKEH-
HOCTU. AASI 9TOrO B IIPEACTABAEHHOM Ha pH-
CyHKe KyOe COEAUHUM OTHOCHUTEABHO €ro LjeH-
Tpa ABYHAIIPaBAEHHOI AMarOHAABIO-BEKTOPOM
ABE IPOTHUBOAEXKalue BepuinHbl. IIpumMeM ux
32 Ha4YaAa ABYX HE3aBHUCHMBIX IIPSIMOYTOABHBIX
CHCTEM KOOPAMHAT, 06pa3sOBaHHbIX TPeMs B3a-
MMHO IeprieHAuKyAspHbIMU ocsmMu Ox, Oy, Oz
u0O'x’,0’y’, O'z". B xaxp0#1 cucTeMe oTCYeTa
TP¥ B3aHIMHO IIePIIEHAUKYASIPHBIE OCH SIBASIFOTCSI
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pebpamu ABYX TpeXTpaHHBIX YTAOB, [PAaHHU KOTO-
PBIX BMecTe 00pasyioT Kyo0.

Ecan paccmarpuBaTh rpaHb TPeXIpaHHOTO
yTAa KaK IIAOCKOCTD, TO AAS HAXOXXACHHS Me-
CTOITOAOXKEHMSI Ha Hell TOYKU HeOOXOAMMO HC-
IOAb30BATh ABE M3 TPEX OCEH IMPAMOYTOAbHOM
CHCTEeMbI KOOPAMHAT, Ka)KAAsl U3 KOTOPHIX SIB-
ASIETCSL MEPOM MPOTSHKEHHOCTH AAHHOTO ABYX-
MepHoro npocrpancTBa. OAHAKO OAHA OCh He
SIBASIETCSI MEPOM ITPOTDKEHHOCTU TPEXMEPHOTO
IpOCTpPaHCTBA. TOABKO IIAOCKOCTb I'PAHU TPeX-
TPaHHOTO yTAa sBASeTCS e10. CAeAOBaTeAbHO, AAS
00beAVHEHNS IAOCKOCTEM, CAAralioliuX TPex-
IPaHHBII yTOA Kyba, HEOOXOAMMO UCIIOAB30BATh
AOIIOAHMTEABHYIO IIAOCKOCTb.

AAS HAXOXKACHHS ee COEAMHUM KOHIIbI TPex
ocell PSIMOYTOABHOM cHCcTeMbl KoopauHat Ox,
Oy, Oz. B pesyabraTe HOAyYHM PaBHOCTOPOHHMIA
TpeyroabHuK XYZ. Terepb, pyKOBOACTBYSCD AeKa-
Aoii ITudaropa, pasobpem KaKAY0 0Cb KOOPAUHAT
Ha AECATb PaBHBIX YaCTeH U, KaK IIpUMep, COeAU-
HMM KOHIIbI YeTHBIX OTPe3KoB AMHuAMU. Kak uTor,
nepep HaMU OYAeT CHUCTeMa YBEAUYMBAIOIIIXCS
B pa3Mepe PaBHOCTOPOHHUX TPEYTOAbHUKOB,
ITAOCKOCTHU KOTOPBIX TP B3TASIA€ TIO AUATOHAAM-
BEKTOPY Ha Ha4aA0 KOOpAMHAT O IO3BOASIET BU-
3yaAbHO OIYTHUTH IMPOSIBACHHE M POCT TPexXMep-
HOTO IPOCTPAHCTBA B AAHHOM CHCTeMe OTCYeTa.
I Ipy 9TOM MAOCKOCTD TPEYTOABHUKA SBASETCS TEM
HCKOMBIM 9A€MEHTOM, KOTOPBII He TOABKO 00'B-
eAMHSeT TPU B3aMHO IIepIIeHAUKYASPHbIE ABYX-
MepHble MPOTSLKEHHOCTH, HO M SBASIETCS IIPOeK-
nuell yBeAnunBaomerocsi oosema. boaee Toro,
CA€AyeT KOHCTaTHPOBAaTh, YTO ABYHAIIPaBACHHBIN
BeKTOp-AuaroHaAb OO’ 6yaeT IepIeHAUKYASIPOM
K ITAOCKOCTHU TPEYTOABHUKA O0beAUHEHH. JTO
AQeT HaM OCHOBaHUe ITPEATIOAOXKHTD, YTO AQHHBIN
BEKTOP IPOTSDKEHHOCTH 00beMa KyDa sSIBASIeTCS
HCKOMBIM YeTBEPTBIM H3MepeHHEeM.

AAs1 TOATBEP>KAEHHUS TOTO, UTO AAHHOE IIpeA-
IIOAOKEHHE COOTBETCTBYeT AeCTBUTEAbHOCTH He-
06XOAMMO, HCIIOAB3YSI MOAEAD Ky6a, OTOHTH OT CY-
1I[eCTBYIOIIIETO CII0CO0a OIPEACACHHSI TIOAOXKEHIS
TOYKU B TPEXMEPHOM IpocTpaHcTBe. OObIaHbIN
CIIOCOO HAXOXKAEHHUS ee KOOPAHHAT OTHOCUTEAD-
HO TpeX B3aHMHO IepIIeHAUKYASIPHBIX KOOPAHU-
HATHBIX TIAOCKOCTEH MO3BOASIET IOAYYUTH KOH-
KpeTHble 3HaUeHHU X, , z. OAHAKO B 9TOM CAydae
IPUXOAUTHCS KOHCTATHPOBATD, YTO MBI HCIIOAB3Y-
€M OAHOMepHbIe dIAEMEHTbI ITPOTSHKEHHOCTH, KO-
TOpbIe He SIBASIFOTCSI MepO IIPOTSDKEHHOCTH TeAQ.
OTO CTaHOBUTCS OYEBUAHBIM IIPU YCTAHOBACHUU
KOOPAMHAT AI00OO# TOUKH IPOCTPAHCTBA Ky0a pac-
CMaTpUBaEMBIM CIIOCOOOM.

AASI HAXOXKAEHHS TPEXOCHOM CUCTEMBI KOOP-
AUHAT, KOTOpasi IO3BOAsIAQ OBI HAIIPSIMYIO BOC-
IPUHUMATD Ky0 Kak IIeAOCTHOe 00BEMHOE TeAO,
00paTUMCcsi K TPEYrOABHUKAM OOBeANHEHI
IMAOCKOCTEM TPEXTPaHHOIO YrAa C BEPIIMHOM
O. IIpoBeaeM Ha ero rpaHsax AMArOHAAH, ITepIIeH-
AUKYASIpHBIE K CTOPOHAM 3THX TPEyTOAbHHKOB.
IToAydeHHbIE TOUKY IIepecedeH s TPEACTABASIOT
IIKAAY ACA€HUI AOTIOAHUTEABHOM TPEXOCHOM KO-
COyTroAbHOM cucTeMbl KoopauHat Ox”, Oy, Oz’.
Ee ocu sBASITOTCSI pebpaMu TPEXIPaHHOTO YTAQ,
IpaHsAMU KOTOPOTO SIBASIIOTCS. PABHOCTOPOHHUE
TpeyroabHUKU. OHH BOHHUKAIOT IIPH 00BeAHHe-
HHM KOHILIOB OCeN AAHHOM CUCTEMBI OTCYEeTa Tpe-
yroabHuKoM XY’ Z’, KOTOpBIH CBSI3bIBAET KOHIIBI
OCel 3epKaAbHO CUMMETPHUYHOM IPSIMOYTOABHOM
cucrembl koopauHar O'x’, O’y’, O'z". Cmex-
Hble I'PAaHU TPeXTPAHHOTO YTAA AOTIOAHUTEAbHOM
CHCTeMBbI KOOPAUHAT 00pasyioT yroa 60°. Imes
ob1iee HAYAAO KOOPAKHAT C IPSIMOYTOABHOI CH-
cremoit kooppuHat Ox, Oy, Oz, oHa IOBepHYyTa
OTHOCUTEABHO Hee Ha yToA 45°.

CpaBHuBast 06e CHUCTeMbI OTCYETa, MOXKHO
yOEAUTDCS B TOM, 4TO IIPY HAAUIHH OOIIIero Ha-
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JaAa KOOPAMHAT TOABKO OCH KOOPAHHAT, IIPO-
XOAsIUe Yyepe3 CepeAUHBI CTOPOH TPEeYTOAbHU-
KOB 00'beAMHEHNS, UMEIOT IIPSIMO€e OTHOIIEHe
K TPeXMepPHOMY IPOCTPAHCTBY Kyba. AAs A0-
Ka3aTeAbCTBA IPOBEAEM IIePIIEHAUKYASIPBI OT
KaXXAOM TOYKH AEAEHHS OCEM J3TOM CHUCTEMBI
KOOPAMHAT B IIPOCTPAHCTBO Kyba. B pesyapraTe
MBI IIOAYYUM COOTBETCTBYIOIee YUCAO TOYEeK UX
IepeceyeHUs], KOTOpPbIE CTPOTO COBIIAAYT C AUa-
TOHAABIO-BEKTOPOM YeTBEPTOro u3MepeHus. Ao-
IIOAHUTEABHO OT TOYEK ACACHISI OCell IPOBeAeM
HePIEeHAUKYASIPHI ITO IIAOCKOCTSIM TPEeXTPaHHOTO
yraa ky6a Ha ocu Ox, Oy, Oz. CaepcTBHEM 9THX
reoMeTpUYECKUX IIOCTPOeHuU, OyaeT o6pasoBa-
HUe CHUCTeMB], OTPXAIOIell IOCAEAOBATEABHOE
yBeAmdeHue B pa3Mepe ky6a. [Ipu aTom BexTOp
4eTBEPTOr0 M3MEepPeHHUs, II0 KOTOPOMY B IIpO-
CTPAHCTBe [lepeMellaeTCs BEpPIINHA Ky0a, yKa3bl-
BaeT HAIIpaBACHMe NIPOSIBACHUS AUHAMIYECKOTO
acIleKTa B yBeAMYeHHH 0ObeMa AQHHOTO Tpex-
MEpPHOTO TeAa KaK IIeAOTO.

O6pasHoe BocpusiTHe CBs3U Kyba C 4et-
BEPTHIM H3MepeHHeM Ha PUCYHKe 16 MOXHO
IPEACTaBHUTh HHaYe. AASL 9TOrO HEOOXOAUMO
paccMaTpuBaTh U300PaXKEHUS YBEAUYHBALOIIe-
rocsi pasmMepa OAHOTO Kyba Kak u3obpaskeHue
Pa3HBIX KyOOB, CBSI3aHHbBIX BEKTOPOM Y€TBEPTO-
IO M3MepEeHUs 10 MPHUHIUITY «MaTPeLIKH>», TAe
Ka>KABIN IIOCAEAYIOIIUI Ky6 BKAIOYAeT B CBOH
06'beM peAbIAyIHiT Ky6. Takoit B3rasip Ha Tpex-
MEPHBIN MUP OTAMYAETCS OT IIPEACTABACHUS €T
KaK COBOKYITHOCTH 0€CKOHEYHOTO KOAMYEeCTBa
ABYMEPHBIX ITAOCKOCTeH, PACIIOAOXKEHHBIX BAOAD
TpeTbell ocu. OTMeueHHasI CBsI3b 4-TO H3Mepe-
HIS C KyOOM COOTBeTCTBYeT B3rasiay I1. Ycmen-
CKOTO, “4mo udes uemsepmozo usmepeHus Moxcem
BO3HUKHYMb NPU HAOAOOeHUL CEpUL NPOZPECCUBHO
YBEAUHUBAIOUUXCS UAU YMEHLULAIOUUXCS ULAPOB
uau ky6os” [4, 108]

CoBepiieHHO MHAsi KapTHHA HabAIOAQeTCs
IIPU IIOAOOHBIX TeOMEeTPUYECKUX IIOCTPOESHUSIX
OTHOCHUTEABHO OCEM IMPSIMOYTOABHON CHCTEMBI
xooppauHat Ox, Oy, Oz. IIpsiMoro BbIxoaa B IIpoO-
CTPAHCTBO Ky0a KaK B [IEPBOM CAyYae 3AeChb HeT.
AAsL 9TOro HeOOXOAMMO CHAYaAQ IIPOBECTH IIep-
MeHAUKYASIPBI Ha TIAOCKOCTSIX TPaHel OT TO4eK
AEAEHHS YKa3aHHBIX OCEM, YTO MIO3BOAUT BbINTHU
Ha COOTBETCTBYIOIIE ACACHHUS OCeil KOOPAMHAT
CPaBHUBAeMOM CHCTeMbI OTCYeTA C ITOCAEAYIO-
IIIMIM BBIXOAOM B IIPOCTPAHCTBO Kyba Ha BEKTOP
ero yeTsepToro usmepeHnus. I3 aroro caeayer,
9TO IPUMEHHUTEABHO K IIPOCTPAHCTBY Kyba Ae-
KapTOBA CHCTeMa KOOPAUHAT, 00pa3OBaHHAs B3a-
MMHO ITepIIeHANKYASPHBIMU APYT K APYTY OCSIMH,
He MMeeT IPSIMOrO OTHOILIEHUS K ero o6beMmy,
a SAIBASIETCS 9AEMEHTOM, MPOeIHPYIOIUM POCT
TpPeX ePIIeHAUKYASIPHBIX APYT K APYTY AByXMep-
HBIX NPOTSDKEHHOCTEN. DTUMHU HallPpaBACHUSAMU
SIBASIFOTCSL AMQTOHAAU-OCH AOIIOAHUTEABHOM CH-
crempl Ox’, Oy’, Oz’. Kak caeacTBue, He mpep-
CTaBAsIeTCSl BO3MOXXHBIM IIeAOCTHOE BOCIIpHUSTHE
AQHHOTO IIPOCTPAHCTBA. MbI MBICAMM €ro uepes
CHCTeMY ABYXMEpPHbBIX IIPOTsDKEHHOCTeH, U IT0-
3TOMY OHO OCTAeTCS AASI HAC OTKPBIThIM.

OaAHako ecAH eCcTb TPH Mepbl IPOTHKEHHO-
CTH, TO, KaK U AI000e TeAO, TpexMepHOe IIPo-
CTPAHCTBO B TeOMETPUU CBOETO IPOSBACHHUS
AOMAKHO OBITH 3aMKHYTHIM. FIMeHHO K TakoMy
IIOHMMAHUIO MbI IIPHXOAUM, KOTAQ ObOpamjaemcst
K CUCTeMe OTCYeTa, YbH OCH KOOPAMHAT KaK AUa-
TOHAAHU AEASIT TAOCKOCTH TPEXTPaHHOTI'O yTAA II0-
IIOAAM M IIOBEPHYTHI Ha YTOA 45° OTHOCUTEABHO
IPsIMOYTOABHOM crcTeMbl kooppauHaT Ox, Oy,
Oz. B aTOM cAy4ae TOUKU AEACHHS Ha OCAX AaH-
HOM CHCTeMbl OTCYeTa He YTO MHOe, KaK BepIIH-
HbI IIPOSIBAGHHS Ha IPaHAX TPeXTPaHHOTO yTAQ
YBEAUYMBAIONIUXCS B pa3Mepe KBaAPaTOB IIPOTsI-
xeHHOCTH. [IpeaeroM ux yBeArdeHNUS SABASIOTCS
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IIeHTPBI IPaHel, a AAs Ky0a, TOCTPOEHHOTO Ha UX
OCHOBaHMH, IPEACAOM €T0 YBEAUYEHNUS SABASETCS
IIeHTP Ky0a, IPUHITOTO 32 MOAEAD TPEXMEPHOTO
IIPOCTPAHCTBA.

K nocTpoenuio BToporo mop06Horo Ky6a Mst
IIPUXOAMM, UCIIOAB3YsI 3€pKAABHO CUMMETpHUY-
HYIO IIPSIMOYTOABHYIO cucTeMy koopAuHar O 'x”,
O’y’, O’z’. HauaA0 KOOPAMHAT 3TOM CUCTEMBI
oTCYyeTa IPUXOAMTCS Ha IPOTHUBOIIOAOKHBIMN
KOHeIl PacCMaTpPUBaeMOIO ABYHAIIpaBA€HHOTO
BeKTOpa 4eTBepToro u3Mepenus. Heobxoanmo
OTMETHUTb, YTO TAABHBIM TPEYTOABHUKOM OObe-
AVIHEHHS OCeH AOIIOAHMTEABHOM TPEXOCHOM CH-
crembl KoopauHar O 'x, O "x, O 'z 3pech sSIBAsIeTCSI
TpeyroabHUK XYZ, KOTOPBIN COGAMHSIET KOHIIbI
IIPOTUBOAEKAIIEH IIPAMOYTOABHOM CUCTEMBI KO-
opaunar Ox, Oy, Oz.

EcAu npyMeHNTDb aHAAOTHYHbIE TIOCTPOEHHS,
IIPUBA€KAsI OCTAABbHbIE BEPIIMHbI Kyba KaK HadaAa
IIECTH AOTIOAHUTEABHBIX IIPSIMOYTOABHBIX CHCTEM
KOOPAVHAT, TO 00beM 9TOTO LIeCTUTPAHHIKA OyAeT
TIOAHOCTBIO OXBadeH YeThIPHMsI [IApaMH KyO OB, 3ep-
KaAbHO CUMMETPUYHBIX OTHOCUTEABHO €ro IIeHTpa
(Puc. 2a). Bce ky6p1 conpsbxeHbI B 06Ieit AAS HIX
BepIIIHe, KOTOPAs IPUXOAUTCS Ha LIEHTP UX 00~
eAuHeHH. B 1ieaoM nepep HaMu 9eThIpexXMepHbIit
runepky6. OH 06beAUHSIeT B OAHO IIPOCTPAHCTBO
IIAQH TPeXMepHOH CTPYKTYPbI U3 BOCbMHU B3aMOC-
BSI3aHHBIX KYOOB U IIAQH 4eTBEePTOrO U3MepeHNs,
OIIPEAGASIIOIINI COOTBETCTBYIOIlee YMCAO Ha-
MPaBAE€HUI MX BOSHUKHOBEHHS U B3aUMHOM OPH-
eHTALIMH OTHOCHTEABHO OOIIero AASI HUX IIeHTpa
CO3UAAHUS, KAKOBBIM sIBAsIeTCA LIeHTp cdepbl Bee-
AeHHOM. Tako# B3TASIA Ha IPHPOAY BOSHUKHOBEHHMS
CTPYKTYpbl BceaeHHOI yKasbIBaeT Ha Hepa3phIB-
HYIO CBsI3b €€ Cepbl C TUIIEPKYOOM, AASI KOTOPOTO
OHa SIBASIETCS IIOPOXKAQAIOIEH ero GUrypox.

AaHHas TOYKa 3peHHs B IOAHOM Mepe COrAacy-
eTCsI C HICCAGAOBAHISIMU MACIITAOHOM rapMOHUH

Bceaennoii C. Cyxonocom. OH, B 9aCTHOCTH, OT-
MedJaeT, 9To ... macuimabmuiii yenmp Beerennoi
— 31M0 He YeHmpP 8 MpPexmMepHOM NPOCPAHCINEe,
aMo yeHmp 6 uemvipexmepHom npocmparcmee Bee-
sennoii " [ S, 244]. Kak oTMe4aA0Ch BbIlIIe, IIEHTP
paccMaTpUBaeMOro rHIepKy0a — 3To LieHTp cde-
pbI BceAeHHOT 1 OH HAXOAUTCS BHE TPEXMEPHOTO
IPOCTPAHCTBA, FeOMeTPUIeCKY GOPMAAUZOBAH-
HOT'O BO3HUKIIUMH U3 IJeHTPa II0 HallpaBACHU-
SIM ABYHAIIPaBACHHBIX BEKTOPOB 4-I0 H3MepeHI
3epKAABHO CHMMETPUYHBIMU YeTHIPbMs IIapaMU
Ky0OB rurepky6a. YkasaHHbIe BeKTOpa B paboTe
AQHHOTO aBTOPA SIBASIFOTCS] MACIITAOHBIMU OCSIMU
YeThIPeXMEPHOT'O IIPOCTPAHCTBA.

CBouMHu CBONCTBAMHU pacCMaTpUBAaeMbIH I'Hi-
IepKy0 KapAMHAABHO OTAMYAETCS OT TeCCePaKTa
U eMy IIOAOOHBIX BBIITYKABIX MHOTOI'PAaHHHKOB,
IpUHUMaeMbIX 3a rurepky6. HecmoTps Ha TO,
9TO OH COCTOHT U3 BOCbMHU Ky0OB, ero ¢popma
COOTBETCTBYeT Ha3BaHUIO «Kyb>» — reoMerpu-
4eCKOMY OAUIIETBOPEHHIO TPEXMEPHOIO IIpo-
CTpaHcTBa. Bomaomenne paccMaTpHBaeMoro
rUnepKy6a MO3BOASIET CAEAATb BBIBOA, YTO MBI
MMEEM AEAO C OPTOLEHTPUYECKOM 3aMKHYTOM
JeThIpeXMepHOM cucTeMoi. B reomerpun no-
HSTHE <OPTOLIEHTPUYECKHII> CBS3aHO C TeTpa-
9APOM, B KOTOPOM BC€ BBICOTBI, OITyIeHHbIE U3
BepIIHH Ha IIPOTHBOIIOAOKHbIE IPAHU ITepeceKa-
IOTCSI B OAHO TOYKe. A ASI TOTO YTOOBI yOeAUTHCS
B TOM, YTO AQHHOE OIIPeAeAeHHe COOTBETCTBYeT
OAHOMY U3 CBOWCTB pacCMaTpPHBAEMOTO I'HIIep-
Ky6a, 06paTHUMCSI K PUCYHKY 2a.

Ecan TpeyroabHbIe IMAOCKOCTH, CBSI3bIBAIO-
IIIMe IPaHU TPEXTPAHHBIX YTAOB BOCbMU BHEITHUX
IPSIMOYTOABHBIX CHCTEM KOOPAUHAT, YCAOBHO
IIPYHUMAEMBIX Y TUIIEPKyDa 32 CAMOCTOSITEABHbIE
CHCTEeMBI OTCYETa, 0OBEANHUTD, TO 00Pa3yIOTCs
ABa TeTpasppa. OHu, mepeceKasich, pOPMUPYIOT
3BE3AHBIN TETPAIAP.
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A Cq

B

PucyHok 2. F'mnepkyb — OPTOLLEHTPUYECKOE YEThIPEXMEPHOE TENO (a); NMOCTPOEHNE
optoTpeyronibHuka A B, C, B TpeyronbHuke ABC (6); OpTOTPEYroJIbHUK
A B,C,—rpaHb OKTasfpa B TPEYroJibHoW rpaHn Tetpasapa (B)

OTO BBITYKAOE TEAO, HACAABHO BIIMCAHHOE
CBOMMH BOCEMBIO YTAAMHU B THITEPKy0, TPeyroAb-
HBIMH I'PAaHSIMH CBOUX TeTPASAPOB OPTOTOHAAEH
BOCHMH BEKTOPaMU 4-T0 U3MepeHHs], HCXOASIIUX

U3 LeHTpa runepkyba. OTpesku ITHX BEKTOPOB
SIBASIIOTCSI BBICOTaMH, KOTOpble, OyAyuu Iiep-
HNEeHAUKYASIPHBI IPAaHSIM ABYX TETPAdSAPOB, AAIOT
OCHOBaHMe CYMTaTbh, YTO OOpPA3OBAHHDII MU
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3BE3AHDIM TETPAdAP SABASIETCS OPTOLeHTpUYe-
CKUM TEAOM B IIPOCTpaHCTBe runepkyba. Cpou-
MU IIePeCeKAIIUMUCS peOpaMu OH OIpeAeAsieT
LIEHTPHI Ha €r0 IPaHsX.

IIpu coepAuHeHNH AMHUSAMH LIeHTPOB T'paHel
TUIepKyba IIOAyYaeT CBOe BOIAOIIEHHEe OKTAdAP
A B DECF (Puc. 2a, B). DTOT MHOTOTPaHHHK
CBOMMM TPEYTOAbHBIMH I'PaHSIMHU TAKXKe OpPTO-
rOHAA€H BEeKTOpaM 4-ro U3MepeHHs THIIepKyoa.
Ero rpasp sBAsSIeTCS OPTOTPEYTOABHHUKOM. JTO
CTAaHOBHUTCS OYEBUAHBIM IIPU COIOCTABAEHHH
pucyHkos 26 u 28. Ha nepBoM 13 Hux mpeacTas-
A€HO IIPUHATOE B reOMETPUU IIOCTPOECHHE AAH-
HOTO TpeyroapHuka A B C , BepmuHbI KOTOPOTO
SIBASIFOTCSI OCHOBAHHUSIMU BBICOT BHEIIHETO TPey-
roabHuKa ABC. AASI OPTOTPEYTrOAbHUKA BHICOTDI
BTOPOTO TPEYTOAbHUKA SIBASIFOTCS OHCCEKTpHUCa-
mu. Ha BTopoM pucyHke mopo6Hast cBsI3b pac-
CMaTPHBAEMbIX TPEYTOABHHKOB OTpa’keHa B CO-
IIPSDKEHUU I'PaHK OKTadAPa C TPaHbIO TETPadApa.
Tpeyroabnas rpanp A B C, mepBoro MHOrorpas-
HUKa, BIMcaHHad B rpanb ABC BToporo MHorO-
IPAaHHMKA, SBASIETCS AASL HETO OPTOLI@HTpUYe-
CKMM TPeyTOAbHUKOM. EcAM yunThIBaTD, YTO MBI
HMeeM AEAO C PaBHOCTOPOHHHUMU TPeyTOAbHUKA-
MH, TO, KaK CACACTBHE, B 9TOM CAy4yae BepIIMHBI
OPTOTPEYTOAbPHUKA MPHUXOASATCS Ha CEepEAMHbI
CTOPOH BHEIIHETO TPeYrOAbHHKA.

B 11eaoM 3Be3AHBIN TETPadAP U OKTAdAP CBO-
HMH TPEYTOAbHbIMU I'PAHSAMH, I0CAEAOBATEABHO
OITUMU3UPYsI 00beM runepkyda, ssasttorcst [1aa-
TOHOBBIMH T€AAMH, KOTOPbIe FeOMeTPHIECKH OT-
Pa>KAIOT HEPA3PHIBHYIO CBA3b pacCMaTPHBAEMOM
9eThIpEeXMEPHOM CTPYKTYPHI C LIEHTPOM, SABASIO-
IMMCS HICTOYHMKOM €€ BOSHMKHOBeHus. BekTo-
pa 4-ro usmMepeHus, NCXOAAIINE U3 HETo, — 3TO,
KaK y>ke OTME4aAOCh, He AOIIOAHMTEAbHAS IIPO-
TSDKEHHOCTD K TPE€M MepaM U3MePeHMs TUIepKy-
6a, a HarpaBAEHUs B3aMMHOI OPHEHTAIINU Ky00B

OTHOCHUTEABHO LleHTpa cpepbl Bceaennoi B pop-
MHUPOBaHHH €ro BOCbMEPUYHOM CTPYKTYphL I]o
CYTH CBOE, IOCTPOEHHbI TUIEPKYO BOIAOIIA-
eT cOO0M YeThIPEXMEPHYIO AEKAPTOBY MPSIMOY-
TOABHYIO CUCTEMY KOOPAMHAT B IIPOCTPAHCTBE
(Puc. 3). Caaratompue ero Ky6bl COOTBETCTBYIOT
BOCbMU TPEXMEPHBIM OKTAHTaM AAHHOM CHCTeMbI
orcyera. Byayun conpspkeHHBIME 0011et AAST HUX
BEPIIHHOI C LIEHTPOM r'HIIepKy6a, OHI BHYTPEH-
HVYMHU CBOMMH T'PaHSIMU 0OPa3yIoT TPU B3aMHO
MepIIeHAUKYASIpHbIE KBappaTHbIe IAOCKOCTH,
KaXXAas U3 KOTOPBIX NPEeACTaBA€HA YeThIPbMs
BHYTPEHHUMH KBappaTaMU.

ITpu nepeceyeHnH yKa3aHHBIX KBAaAPAaTHbIX
IMAOCKOCTEH BO3HHUKAIOT TPU IEePIEeHAUKYASIP-
HBIX APYT K APYTY OCH BHYTPE€HHEHN CHCTEMbI
KOOPAMHAT, y KOTOPOM HAa4aAO OTCYeTa IIPUXO-
AUTCS Ha IIeHTP TUrepKy6a. Jta cucreMa Koop-
AVHAT HaINpsMYIO CBSI3aHA C OKTAdAPOM, TaK KaK
KOHIIbI ee OCel MPUXOASITCS Ha MIeCTb BepIIMH
AQHHOrO MHororpaHHUKa. CAepyeT Takxe OT-
METHUTD, UYTO TPEYTOAbHbIE TPAHHU OKTadApa SIB-
ASIFOTCSI TIAOCKOCTSIMHU, KOTOpbIe IO aHAaAOTHU
C TPaHsIMHU ABYX IepeceKaIoIUXCs TeTPasAPOB
00BEAMHSIIOT IIAOCKOCTH BOCbMH TPEeXTPAHHBIX
YITAOB BHyTpeHHell cucTeMbl orcyeTa. Caeays
3TOM aHAAOTHUH, IOCTPOEHHUE AOIIOAHUTEABHON
KOCOYTOABHOM CHCTEMbI KOOPAUHAT B OAHOM U3
OKTaHTOB, IO3BOASIET, KaK U B CPaBHHUBAeMOM
BapUaHTe, HANPSMYIO BBIMTH Ha BOIAOIEHHE
YBEAMYHBAIOLIErocs B pasMepe Kyba, BepIuinHa
KOTOPOTrO B IIPOCTPAHCTBe Kyba rumepkyoa co-
BMeIl[€Ha C BEKTOPOM 4-TO U3MepPEHMSL.

PaccmarpuBas BoceMb BHEIIHHUX IIPSAMOY-
TOABHBIX CUCTEM KOOPAMHAT, KOTOpble CBOMMH
ocsaMu GOPMUPYIOT BHEIIHHMI KOHTYpP TIHIep-
Ky0a, 1 BHYTPEHHIOIO IIPSIMOYTOABHYIO CHCTEMY
KOOPAMHAT C HaYaAOM OTCYeTa B LIeHTpe IeCTHU-
IrPaHHHUKA, CTAHOBUTCSI OYEBUAHBIM, YTO IIepeA
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HaMM 3aMKHYTO€ 4eThIpeXMepHO€ IIPOCTpaH-
CTBO, HAACACHHOE OIIPeACACHHbIM QU3NIeCKUM
CBOMCTBOM. Peub naeT 06 ycTaHOBAEHHO! BbIIIIe
3€pKAAbHOM CUMMETPHH MEXAY ABYMs BHEIIHU-
MU IIPSIMOYTOABHBIMU CHCT€MaMHM KOOPAMHAT
OTHOCHUTEABHO O0IIero AASI HUX ABYHAITPABAEH-
HOTO BekTopa 4-ro usmepenus (Puc. 16). Ta ke
CHMMETPHSI HAOAIOAQETCSI AAST KQXKAOM U3 HUX
10 OTHOLIEHUIO K BHYTPEHHEN MPSIMOYTOAbHOM
CHCTeMe KOOPAUHAT COOTBETCTBYIOIEro el Kyba
runepky6a (Puc. 3).

EcAu paccMaTpuBaTh TUIEPKYD B LIEAOM, TO,
HapsIAy C IIPOTUBOIOAOXKHBIMY HAIPABACHUSIMHU
OAHOMMEHHBIX OCEM OTHOCHTEABHO BEKTOPOB
4-ro u3MepeHus, y CPaBHUBAEMBIX IIPAMOYIOAb-

HBIX CHCTEM KOOPAUHAT IMIIEpKy0a, TaioKe Ha-
6Ar0AAeTCsI CMeHa 3HaKa. TakuM 06pa3oM, MOXKHO
KOHCTAaTHPOBATh, YTO BBIOPAHHBII reOMeTpude-
CKHI1 TIOAXOA TIO3BOAUA HE TOABKO IOCTPOHUTH
BOCBMEPHYHBII I'MIIepKy0, 2 BMeCTe C HUM OIIpe-
ACAUTD HaITPaBACHHUS 4-TO M3MepeHHs, HO 1 IIpH-
AT K BBIBOAY O HAAUYUM B OTPAaHUYE€HHOM UM
IpoCTpaHCTBe aHTUCHMMeTpuu. Kak usBecTHO
TAaKO¥ BUA CHMMETPHUH CBSI3aH C IpeoOpa3oBaHuU-
SIMH, KOTOpPbIe UMEIOT MeCTO B KPUCTAAAOTPadHU.
EcAu Takyro aHAAOTHIO IIPUHSATD K CBEACHHIO, TO
HeOoOXOAMMO B3TASIHYTb Ha TMIIepKy0, Kak Ha BO-
MAOLIEHUE 3aMKHYTOM OPTOLEHTPHYECKOM IIPsi-
MOYTOABHOM CUCTeMBI KOOPAUHAT, TA€ HarASIAHO
OTpa)KkeHa 0000IIeHHAS CUMMETPHUL.
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PucyHok 3. M'mnepkyb — 3aMKHYTOE YeTbIPEXMEPHOE MPOCTPAHCTBO,
B KOTOPOM MPUCYTCTBYET aHTUCUMMETPUS BO B3aNMOCBSA3U BHYTPEHHEN
1 BOCbMM BHELLHUX NPSMOYrOJIbHbIX CUCTEM KOOPAVHAT

B AaHHOI KOOpPAMHATHOM CHCTeMe ee BHY-
TPEHHAA U BHEIIHASL YaCTH 3KBUBAACHTHBI APYT
APYTY B [IAQHE TPEX IIepEMEHHBIX — TeOMeTpHuYe-

CKHX KOOPAMHAT NMPOCTPAHCTBA, HO aHTHPABHBI
B [Ipe0Opa30BaHUU OTHOCUTEABHO BEKTOPOB 4-T0
usMepeHus. Peub UAeT 0 YeTBepTOH IepeMeH-
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HOM, KOTOpasi MMeeT UHON QU3UIECKUI CMBICA.
C 1eABIO BBIICHEHISI ee IIPUPOABI OOPaTHMCSI
K U300pa)XKeHHIO THIIepKy6a Ha PUCYHKe 3, OAU-
[IeTBOPSIIONIET0 OOBEMHYIO YeThIPeXMEepPHYIO
IpsIMOYTOABHYIO cHCTeMy koopAuHar. C reome-
TPUYECKON CTOPOHBI OOpamaeT Ha ceOst BHUMA-
HHE B3aMHO€ PaCIIOAOXKEHHE TPEYTOABHUKOB
00beAMHEeHNUS OCell BHyTPEeHHe! U BHEIIHe! KO-
OPAMHATHBIX CHICTEM OAHOT'O U3 Ky0OOB IUIIepKY-
6a. OHH IIOBEPHYTH OTHOCUTEABHO APYT ApYTa
Ha yroA 60°. EcAu pAaHHbIe TPeYTOABHUKY CIIPO-
eLIMPOBaTh 110 BEKTOPY 4-T0 U3MEPEHMS APYT Ha
APYTa, TO IIepeA HaMH IIPEACTAHEeT IIeCTUKOHEeY-
Hasl «3Be3pa AaBHAA>.

OTO M3BECTHBIM B CaKPaAbHON reoMeTpUHU
CUMBOA, KOTOPBIA B pacCMaTPUBA€MOM CAy4Yae
BHU3YaAM3HPYET NPUCYTCTBUE AHTUCUMMETPUH
B pOopMHUpOBaHUH Kyba rumepky6a Kak IAeMeHTa
BOCBMEPHYHON KyOU4eCKON CTPYKTYPBI CTATH-
9EeCKOro HanmpsbKeHus. A\aHHbIM BUA CUMMETPHH
IIPEATIOAATAET MPUCYTCTBHE IIPOTHBOAECHCTBY-
IOIIMX CHA KPY4YeHHs, ACICTBUE KOTOPBIX reoMe-
TpU4eCKU POPMAAM3OBAHO B HAAUYHMH AEMEHTA
cBepTKHU Kyba rumepky6a. VM siBastercs 3am-
KHYTasi AOMaHHas 4epe3 yroa 90° TpexmepHas
kpuBasi X * YZ + XY * Z, xotopasi 6yKBaAbHO
pacIiITa MmecTUKOHeYHO! 3Be3p0i. OHa AeMOH-
CTPUPYET aHTUCUMMETPHIO OTHOCUTEABHO BEK-
TOpa 4-ro U3MepeHU U IBASeTCSI TON YeTBePTOU
[IepeMeHHOM, KOTOpasi COO0M OTpaXkaeT AeH-
CTBUE ABOMCTBEHHOM TBOPSIIEHN CUABL.

Ha pucynke 4 npeacraBaeHbBI TpexXMepHbIe
KpHUBbIe CBEPTKH BOCBMH Ky00B rumepky6a. Kak
Mbl BUAMM, aHTUCUMMETPHUS B ACMCTBUU CHA
Kpy4eHHUs] HAOAIOAQETCSI KaK Ha YPOBHE KQXKAOTO
U3 HHX, TaK U Ha YPOBHE COINPsDKEHUs UX B 3ep-
KAaAbPHO CHMMETPHMYHBIE IIAPbl OTHOCHUTEABHO
06mUX AASL HUX ABYHAIIPaBAEHHBIX BEKTOPOB
4-ro usmepenus. B eAuHoM aHTUCUMMETPUYHOMN

CHCTeMe CKPYTKHU IIPOUCXOAUT pOPMUPOBAHUE
YeThIpeXMEepPHON CTPYKTY Pbl HANIPsDKeHM s, KOTO-
poe 06pasHO MOXXHO CPaBHUTb C PACITyCKAaHUEM
U3 TOYKH MeTaQU3NIEeCKOTO «IIBeTKa>, BOCEMb
AeTIeCTKOB KOTOPOTO IIPHHUMAIOT pOopMy KyOOB.

AAst 6oAee OCO3HAHHOIO BOCIIPHATHUS CYII-
HOCTH YeTBEPTOro U3MepeH!Us B pOPMUPOBAHUU
runepky6a obparumcs k pucysky S. Ha nem uzo-
OpaskeH OAMH U3 €ro Ky0OB, KOTOPBII COIIPUKA-
CasICh BEPUIMHOM TPEXI'PAHHOTO YIAA C YCAOBHOM
TOPHU30OHTAABHOM AMHUEH, CTPOrO OPUEHTHPO-
BaH 10 BePTHKAAM OTHOCUTEABHO Hee. Pacrioao-
KeHHe Kyba IMO3BOASIET 3PUTEABHO BOCIIPUHSTD
POXXAEHHE ero TPeXMEePHOTO TeAd B POCTpPaH-
CTBe M3 TOYKHU B HAIIPAaBAEHUH BEKTOPa 4-T0 U3Me-
penus. CaepyeT 0OpaTUTh BHUMAHIE HA KOHTYP
IIEeCTUYTOABHMKA Ha TOPU3OHTAABHOM IMAOCKO-
CTH, KOTOPBII BO3HUKAET IIPU OCBelleHUU Ky0Oa
CBepXy. TO TeHb TPEXIPaHHOTI'O YTAQ, BEPUIMHOM
KOTOPOTO IeCTUTPAaHHKMK COITPUKACAETCS C IIAO-
ckocTpio. He TpyAHO Aoraparbcs, 4To KOHTYP
IIeCTHYTOABHHUKA 0Opa30BaH LIECTHIO pebpamu
Ky0a, KOTOpbIe BMeCTe 00pa3yroT 3HAKOMYIO HaM
3aMKHYTYIO TPEXMEPHYIO KPUBYIO CBEPTKHU Kyba.

K ckasaHHOMy Bblllle HEOOXOAUMO CAEAATD
BO)XHOE AOIOAHEHHE OTHOCHTEABHO INEeCTHY-
TOABHHKA, KaK IIPOEKIIMU TPeXMePHOTO JAeMEHTa
CBEPTKU Ky0a Ha TAOCKOCTh, OPUEHTHPOBAHHOTO
110 BeKTOPY 4-ro n3mMepenus. Ecan mpuHATS K cBe-
AeHuto, 4To cdhepa BeeaeHHoI AAst rumepKy6a, Kak
U AASL ApYTHX [ TAQTOHOBBIX TeA, SIBASI@TCS IOPOXK-
Aaromer X QUIypoH, TO B AAHHOM CAy4Yae pedb
naer o «Habaropareae, HaXOASIEMCS B LIeHTpe
CO3UAQHUS 1 0OAAAQIOIIM CPEPUIECKUM 3PeHu-
eM. AAS Hero peaAbHO CYIIeCTBYeT TOABKO IMITep-
Ky0, TaK KaK IIPOTSDKEHHUE ero YeThIPeXMEepPHOIo
TeAa IT0 BOCbMHU BeKTOPaM 4-T0 U3MepeHHs OTHO-
CHUTEABHO IJeHTPa CO3MAAHMS PAAMAABHO U BITUChI-
BaeTcst B 006beM cdepbl BeceaeHHOI.
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5

PucyHoK 4. 3aMKHYTbIE TPEXMEPHbIe KPUBbIE CBEPTKM BOCbMU KyOOB runepkyoda

BAMsKMM K cKa3aHHOMY O 3Ha4eHUH 4-TO U3Me-
PEHHS B OTIPEACACHHHY PEAABHOTO CYIIIeCTBOBAHM
TpexMepHOro Teaa B cpepe BeeaenHoit sBasercs
CcAeAyrollee MHeHHUe YCIIeHCKOro: “PeaAbHOE TeAO
AOAKHO 00AAAQTh XOTSI ObI CAMBIM HHYTOXKHBIM
IPOTSDKEHHEM B YeTBEPTOM HM3MepeHHH, HHaJe
910 OyAeT BoOOpaskaeMasi GUrypa, IIPOEKIIUS TeAd
JeThIpexX U3MEPEeHHUH B TPeXMEePHOM IPOCTpPaH-
CTBe, IOAOOHOE Ky0y, HApPUCOBaHHOMY Ha Oyma-
re. Takm 06pa3oM, MbI IPHXOAUM K 3aKAIOUEHUIO,
4TO MOXKET CYII}eCTBOBATb TPEXMEPHBI Kyb 1 Ky0
yeThIpexMepHbIiL. V1 TOABKO YeThIpexXMepHBIi Ky0
6yaeT peaabHo cymectyromum” [4, 100].

ITpu nsydeHnn n300paxkeHHs: Ha PUCYHKe S
OBIAO YCTAHOBAEHO KOCMOAOTHYECKO€ 3HaYeHHUe
eruneTckoro Tpeyroabuuka KGC B opuenTanmu

Ky0a OTHOCHTEABHO YCAOBHOI BEPTUKAAM, KOTO-
past cel9ac paccMaTpHUBaeTCs KaK BeKTOp 4-To us-
MepeHus. [IpucyTcTBHE YKa3aHHOTO TPEYTOABHH-
Ka CTAAO OYEBUAHBIM ITPY BOCCTAHOBACHHH CBS3U
IIeCTUYTOABHHUKA C TPeXMePHOM KPUBOM CBEPTKH.
Aas aToro us BepurHbl C BepXHero IpsMOro yraa
CBepTKH Kyba ObIA OITyIleH ITepIIeHAUKYASP, KO-
TOPBI COBITAA C BepIIMHON K 1IecTHyroAbHHKA.
CoepuHeHMe 3TOM BEepIIMHBI IIECTUYTOAbHMKA
C TOUKO¥ OPOXAEHHS Ky0a 1 [IpUBAEUEHIE AMa-
roHasu GC rpaHu HIDKHEro TPeXIpaHHOIO YIAd
II03BOAMAO ITOCTPOHTD PACCMATPUBAEMbII ITPSIMO-
YTOABHBII HepaBHOOEAPEHHBII TPEYTOABHHK, CTO-
POHBI KOTOPOTO HAXOASITCS B COOTHOIIEeHUH 3:4:S.

Kax MbI BUAUM, THIIOT@HY3a AAHHOTO TPEYTOAb-
HUKA, OPHEeHTHPOBAHHOTO OOABIINM KAaTETOM IIO
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HAIIPaBAEHHUIO YCAOBHOM BEPTUKAAM, IBASIETCS AMA-
FOHAABIO FPAHH HIDKHETO TPEXTPAHHOTO YIAd Ky0a.
OTO CBHAETEABCTBYeT 00 OCHOBOIIOAATAIOIIEH
POAM €TUIIETCKOTO TPEYTOABHHMKA KaK AByXMEPHOM
¢Urypbl, OIIpeAeAsronel B3aUMHYI0 OPUEHTALIUIO
Ky0OB rurepky6a B HalIpaBA€HIU BOCBMH PaAUYC-
BEKTOPOB 4-T0 M3MepeHHsI OTHOCHTEABHO 001jeit
H

C

AASL HUX TOYKU BO3HUKHOBEHIS B IIPOCTPAHCTBE.
Takas CBSI3b €IUIETCKOTO TPEYTOABHUKA C BEKTO-
POM YeTBEPTOrO HM3MepeHHs MO3BOASIET OCYIIje-
CTBUTD HOA€e IIPOCTON reOMeTPUIECKHIL CII0CO0
TIOCTPOEHIsI Kyba rHIepKy0a, OpHeHTHPOBAHHOTO
OTHOCHTEABHO TOYKU CBOETO BOSHHKHOBEHUSI II0
HaITPaBACHHUIO YKA3aHHOTO U3MePEeHHSL.

PucyHok 5. Kyb runepkyba, OpueHTUPOBaHHbIN OTHOCUTESTIbHO TOYKM HA
YCJ/IOBHOW FrOPU30HTAsIbHOW MJIOCKOCTU B HanpasneHnn 4-ro npoCTPaHCTBEHHOIO
N3MepeHs (a); Bua, CBEPXY TPEXIPAHHOIO yrna kyba (6)
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AAs13TOro IpOBEAEM YCAOBHYIO TOPH30HTAAD-
HYIO0 AMHHIO M Ha Heill HaHeceM Touky (Puc. 6).
OTHOCHTEeABHO Hee B 00e CTOpPOHBI 0003HAYUM
AVHHAMH YTABL 53° U 37° 9TO COOTBETCTBYeT
OCTPBIM YTAaM €THIIeTCKOTrO TpeyroabHuka. Ha
AVHH, OTPaHUYMBAIOL[eH OOABIINIT yTOA, 0003Ha-
YUM AAUHY AMAarOHAAM IPaHU Ky0a, a Ha AUHHH
BTOPOTO yrAa 0003HAYUM AAMHY ero pebpa. 3a-
TeM C KOHIJOB IIOAY4eHHBIX OTPE3KOB OITyCTHUM
MepIIEHAMKYASIPbI HA TOPU3OHTAABHYIO AUHHIO.
B pesyabTraTe MbI MOAyYMM ABa €TUIIETCKUX Tpe-
yroabHuka OBD u OAC. Pa3Mepbl UX CTOPOH Ha-
XOASTCS B cooTHoIeHuu 3: 4: S. Aaaee, mposeas
B IIPOCTPAHCTBO U3 BEPIIMH B 1 A 9TUX TPEYTOAD-
HHUKOB AUHHH, ITepIIeHAUKYASIPHbIE THIIOTeHY3aM,
Bo3HHKHeT mpsiMoyroabHuk OAQO'B. Peub upet
He O IIPOCTOM IPSIMOYTOAbHHKE, a O IapaAAe-
AorpamMMe, 0Opa3OBaHHOM ABYMsSI €TUIIeTCKUMHU
TpeyroabHUKaMu. O6masi rUIoTeHy3a ITHX Tpe-
YTOABHUKOB, SIBASIICb AMATOHAADBIO YKa3aHHOTO
IPSIMOYTOABHUKA, OTOOpaXKaeT OAUH U3 BOCHMU
BEKTOPOB 4-ro u3MepeHus B YOpMUPOBAHHMHU I'H-
IepKy6a OTHOCHUTEABHO TOYKHU B IIPOCTPAHCTBE
KaK I[eHTPa ero BO3HUKHOBEHUSI.

Terepp HEOOXOAUMO YCTAaHOBUTb O KaKOM
IPsIMOYTOABHOM IIAOCKOCTH HAET peub, B KOTO-
PO HAXOAUT CBO€ KOCMOAOTMYECKOe 3HadeHHe
erUIeTCKUI TPeyTOABHHK KaK AByXMepHas Qu-
I'ypa, OpHMeHTHpPYIOIasi IIOAOKeHHEe TpeXMepHO-
ro TeAa Ky0a rumepkyba OTHOCHUTEABHO LIeHTpa
BO3HMKHOBEHHS 10 HAIIPAaBA€HHMIO 4eTBEPTOIO
IPOCTPaHCTBeHHOro usMepenus. O6paTusmIIKCch
K PUCYHKY 6a, CTAHOBUTCSI OY€BUAHBIM, UTO peyb
HAET O NPSIMOYTOABHOM IAOCKOCTH, KOTOPAsI IO
AUATOHAAU IlepeceKaeT Ky0. B Hell raaBHOe cBOII-
CTBO €TMIIETCKOrO TPEYTOABHHKA 0OPa30BbIBATh
COOTHOIIEHHEM pa3MepOB CBOUX CTOPOH IIPSMOI
YTOA IIPOSIBASIET Ce051 OTHOCHTEABHO BEKTOPa 4-TO
U3MepeHs, ICXOASIIEro U3 LieHTpa rMIepKyoa.

ITpeacTaBAasieT 0COOBII HHTEpEC OTHOIIEHUE
eTUIIeTCKOTO TPEYTOABHHUKA K YeTBEPTOMY H3-
MepeHuIo B cBeTe Teopemnl [Tudaropa, coraac-
HO KOTOPOH CyMMa KBaAPAaTOB KaTeTOB IIPSIMO-
YTOABHOTO TPEYTOABHHMKA paBHA KBAAPATY €ro
TUIIOTEHY3bI

a’+b’ =%

Kax n3BecTHO, AASI HAXOXKAEHHSI AAUHBI AHa-
TOHAAM Ky0a HCIIOAB3YIOT TPeXMEPHBII BAPUAHT
teopemsl [Tudaropa. Ecau a, b u ¢ — croponst
Kyba, Toraa

a’+b’+ct = d°.

[TpuMeHUTeABHO K KyOy rumepkyba, opreH-
THPOBAHHOTO 10 HAITPABACHUIO 4-TO U3MepeHUs,
HAXOXXAEHHE AAUHBI €0 AUATOHAAH KaK BEKTOPa
YKa3aHHOTO U3MepeHHMs C IpUMeHeHNeM paccMa-
TPHUBAEMOI TEOPeMbI MOXKHO, HCIIOAB3YsI AUAro-
HaAb e rpan u pe6po a (Puc. 6a). ITo nmo3Boaster
BBINTH Ha erurnerckuit TpeyroabHuk OAQO " nps-
MoyroabHOI maockoctu OAQ’B, aeasimeit 1o
AMAroHaAu Ky6 momoaam. B aTom caydae rumo-
TEeHY3a 9TOTO TPEYTOABHHKA SIBASIETCSI AATOHA-
ABIO-BEKTOPOM 4-TO H3MepEeHHs], YTO ITO3BOASIET
OIIPEAEAUTD €r0 AAUHY II0 GOopMyAe

&’ =a’+e’.

B moaHoM ob6beMe rumepkyba CBOMCTBO
eTUIIeTCKOIO TPEeYTOABHUKA HAXOAHUT CBOE OT-
paxeHMe IIPU PACCMOTPEHUH TOAOOHOM IPSIMO-
YT'OABHOM IIAOCKOCTH, A€ASI €N BOCbMEPUYHBIN
IeCTUrpaHHUK nonoAaM. Ha pucynke 68 npu-
BEeAEHO H300paskeHHe OAHOI U3 IeCTH TAOCKO-
CTeH, IIepeCeKaIoIel 110 AMAaTOHAAH ABE IIapbl
Ky0OB, 36pKaAbHO CHMMETPHYHBIX OTHOCUTEAD-
HO nenrpa runepkyba (Puc. 2a). B ocosy ee
nocrpoenus B3sT npsimoyroabHuk OAO "B’ xo-
TOPBIH BBINIE C UCIIOAb30BAHUEM €TUIIETCKOIO
TPeyTrOAbHHKA OBIA BOIIAOLIEH KaK AUATOHAAB-
Hasl IAOCKOCTb OAHOIO U3 Ky0OB rumepkyba

(Puc. 66).
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PucyHok 6. Kyb runepkyba opmeHTUPOBAHHbIV B HANpPaB/ieHUN
4-ro NPOCTPAHCTBEHHOIO N3MepeHUs
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B mpeaeaax paccMaTpuBaeMoll AMarOHAABHOM
IIAOCKOCTH HAIIAO BOIAOIIEHIe BCe MHOr0O0Opa-
3Ue erHIeTCKUX TPeYTOABHHIKOB, KOTOpbIe CBOEH
reoMeTpHUel MOAOOHSI OTPKAIOT HA AByXMEPHOM
YPOBHE BOCIPHATUS T'AaPMOHHUIO, CHMMETPHIO
U paBHOBECHE BO B3aHMOCBSI3H TPEXMEPHBIX Ky-
60B rumepkyba ¢ BeKTOpaMH YeTBEPTOrO IIpO-
CTPAHCTBEHHOT'O M3MEPEHHsI OTHOCUTEABHO IIeH-
TpPa CBOETO IPOSBACHHSL.

IIpocaepnM, KaK ITOIIAroBO erUIIeTCKHE Tpe-
YTOABHUKY OBIAM IIOCTPOEHBI B CTPYKTYPe AHA-
FOHAABHOM IIAOCKOCTH cedeHus runepky6a. Ho
IpexxAe HeOOXOAUMO IIPUHATH BO BHUMAHUE HA
IPUCYTCTBUE B Hell YeThIpeX BeKTOPOB 4-ro us-
MepeHHs], OTPKAIOMIUX HAITPABACHHSI OPMUPO-
BaHMS COOTBETCTBYIOIETO YUCAA TPEeXMEePHBIX
TeA Ky60B. [ToaTomMy mocrpoeHre He06X0AUMO
HAYMHATD C IPOBEACHUS Yepes LIeHTP PacCMaTpH-
BaeMOTO IPSIMOYTOABHHMKA IIePIIEHAUKYASIPOB
K BEeKTOPaM AQHHOTO U3MepeHHs A0 OOKOBBIX
CTOPOH ITAPAAAEAOTPAaMMA. DTHM CaMBIM OYAYT
0603HAYeHbI AUHUU YCAOBHBIX FOPU30HTAAEH,
IIPOXOASIIUX Yepe3 eHTp rurnepkyoda. Coepn-
HHIM TOYKHU UX KacaHUsI OOKOBBIX CTOPOH pac-
CMaTpPHUBAEMOTO IIPSIMOYTOABHHUKA, YTO IIPUBEACT
K ITOCTpoeHuIo npsMoyroabHuka EFHG.

Aaaee, Kak IIpuMep, PaCCMOTPUM IIPSAMOY-
roapHUK OYO'* Y, mpeacTaBASIIOIIUI AMAro-
HAaAbHOE CedyeHHe OAHOTO U3 KyOoB rumepkyoa.
C TOuKM IepecedeHHs e€ro IpPaBoil HOKOBOM
CTOPOHBI C BEPXHEN CTOPOHOM MPSMOYTOAbBHHU-
ka EFHG oIrycTuM NepIeHAUKYASIP Ha AMHHIO
TOPH3OHTAABHYIO K BEKTOPY 4-TO M3MepeHUs
paccMmarpuBaeMoro Kyba. B pesyasrate 6yaet 06-
pasoBaH erumnerckuil TpeyroabHuk OAB. Takoi
XK€ TPEYTOABHUK BO3HHKAET IIPH AHAAOTHYHbIX
IOCTPOEHHSAX OTHOCUTEABHO IPSIMOYTOABHHKA
O - YO+ Y, npeACTaBASIIOIETO CeYeHUe CMeX-
HOTro Ky0a.

Ecau paccMarpuBaeMble eTHIIETCKUE TPEYTOAD-
HHMKH 3PUTEABHO YBEAMUBATh, TO MX MAaKCUMaAb-
HbIe Pa3MepBI OYAy T BOIIAOIEHBI B TPEYTOABHHKAX
OA’+Y u OC’+Y. Mx 60AblIMe KaTeTbl CTAaHYT
JaCTSIMHU AMAroHaAel pacCMaTpPHBaeMBbIX IPSIMOY-
TOABHUKOB, KOTOpbI€e ITePIeHAUKYASPHBI K YCAOB-
HbIM ropusoHTasbHbM AnHuIM GF u EH. O63-
€AMHSIS 9TU TPEYTOABHUKH CO CMEXHBIMHU C HUIMU
erunerckumu TpeyroabHukamu OA'Y u OC’-Y,
MBI IIOAYYUM AB2 TOAOOHBIX YBEAMYEHHbIX B pas-
Mepe TpeyroabHuka OY+Y u O-Y+Y. Bmecre onn
006pa3yIoT paBHOOEAPEHHbIN TPEYTOABHUK Y+Y-Y
C YTAOM B OCHOBAaHMH, paBHbIM 53°. DTO CBUAETEAD-
CTBYET O TOM, YTO IlepeA HaMH KOHTYP BePTHUKAAb-
HOTO CeYeHHs erMIeTCKON MupaMUAbl XeppeHa.

CoBepmMB aHAAOTWYHbIE TOCTPOEHMS B IPsi-
MOYTOABHHKAX, IIPEACTABASIIONINX AMaTOHAAbHbIE
CeYeHUSI OCTAABHBIX ABYX Ky0OB, MBI IIOAYYHM TOT
’Ke HabOp eTrHIeTCKHX TPeYTOABHUKOB. CpeAr HUX
HAXOAMT CBOE BOIAOIIEHHE CeYeHHe ellje OAHOM
nupaMuAbl XedppeHa, KOTOpasi CBOUM OCHOBAHU-
eM COITpsDKeHa Ha OCH OPAMHAT BHy TpeHHel Ipsi-
MOYTOABHOM CHCTeMbI KOOPAMHAT C OCHOBaHHEM
BBIIIIE OTMEYEHHOMN MOAOOHOI nupaMupoi. Bep-
IIMHbBI 9TOH Maphbl MUPAMHA PUXOAITCS Ha OCH
BHEIIHUX IPSMOYTOABHBIX CHCTEM KOOPAMHAT.
IIpsiMoe OoTHOIIEHNE eTUIeTCKOTO TPEYTOAbHUKA
K ¢pOpMHPOBAHHIO KOHTYpa paccMaTpHUBaeMO
€TUIEeTCKON MUPAMHUABL B CTPYKTYpe deThbIpex-
MEepHOTO THIIepKy6a He OrPaHIIHBAETCS yoKe OT-
Me4YEeHHBIMH IUPaMUAAMU. AOIIOAHUTEABHO MBI
MMeeM 3ePKAAbHO CHMMETPUYHYIO Tapy MUPaMUA,
Y KOTOPBIX OOIjasi AASL HUX BEpIIMHA COBMeIeHa
C O0LIMM OCHOBAaHHEM IIepPBOM MApbI IIMPAMUA,
a OCHOBAHUS COBIIAAQIOT C ee BepIIMHAMIL.

B nieaoM B3auMmHas opueHTalUs ABYX Ilepe-
CEeKAIOUIMXCsSl TAp IHUPaMUA CBUAETEAbCTBYeET
O NPUCYTCTBUHU B UX B3aUMOOTHOIIEHUH aHTH-
CUMMeTPHH, YTO COOTBETCTBYyeT OTMeYeHHOM
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BBIIIIe TIOAOOHON CHMMETPHUU BO B3aUMOCBSI3U
BHYTPEeHHEe! U BHEIIHUX IPSMOYTOABHBIX CUCTEM
KOOpAHMHAT runepky6a. Ecan mopoittu ¢ mosunun
CHMMBOAM3MA U IPHHATD BEPIIUHBI PaCCMaTpPHBa-
eMbIX IIMPaMUA 32 MeTapHU3udecKre KOPHH po-
CTa, a OCHOBAHHs 32 IIPOSIBAEHHE OAHOMEPHbIX
9AEMEeHTOB IIPOTSDKEHHOCTH KyOOB rumepky6a,
TO TPOCAEXHBAETCS ONPEACACHHAs aHAAOTHSA
C U3BECTHBIM B APEBHEKHUTANCKON MHPOAOTHH
CMMBOAOM CO3UAATEABHOTO eAuHCTBa «IIHb-
Su> B BUA€e KpyTa. B HeM oTpaxkeHO B3anMoaeii-
CTBHE IIOASIPHBIX CHA KaK OCHOBBI ITPOSIBACHHS
ABIDKEHHS B KOCMOCE.

IIpuMeHMTEABHO K pacCMaTpHUBaEMbIM IIHMpa-
MHAAM aKTHBHYIO POXKAQIOIIYIO CHAY SIH mpea-
CTaBASIET 3epPKAaAbHO CUMMeTPHYHas Iapa Iu-
paMup, o6Omasi BepIIuHa KOTOPBIX IIPUXOAUTCS
Ha 1eHTp cdeprl BeceaenHon, a ocHOBaHMA Ha
pebpa runepky6a. Obpasyrolgue Ux ernuIeTcKie
TPEYTOABHMKU CBOMMHU THIIOTEHY3aMH OTpa-
JKAIOT HaIlPaBA€HHS 4-IrO MPOCTPaHCTBEHHOIO
U3MEpEeHHs], KOTOpble OIPEAEASIOT B3aHMHYIO
OPHEHTAILMIO B IPOTSHKEHHOCTHU CBEPThIBAE€MbIX
Ky0OB OT I|eHTpa UX BOSHUKHOBEHMUS Ipu $op-
MHPOBAHHH TeAA THITEPKyDa.

B npoTtuBoaeiicTBun k cuae SIH HaxopuTCs
IIaCCHMBHas B3pammBaromas cuaa Kup, koropyro
IIPEACTaBAsIeT 3€PKAAbHO CMMMeTpPHYHas Iapa
NHMpaMHA C BepPIIMHAMH, PAaCIIOAOXKEHHBIMH Ha
OCHOBAHMSAX IIepBOI Mapbl MHPAMUA, & 0OMUM
OCHOBaHMEM — COBMelljeHa C UX obuiel BepIy-
Hom. Ee pelicTBHe MpOTHBOMOAOXKHO cuae fH,
4TO B II€AOM IIPU OOBEAMHEHUU IPOTHUBOAEH-
CTBYIOIUX CHA A€AQeT YeThIpeXMepHBIN IUIIep-
Kyb OYKBAaABHO PacIITBIM B IpepeAax cdepsl
BceAeHHO! OTHOCHTEABHO a0COAIOTHO HEIIOA-
BIDKHOTO IIeHTpa co3upanus. C aToi MO3UIIMY,
paccMaTpuBaeMble B HEM OCH OOBbeAUHEHHOM
IIPSIMOYTOABHOM CHCTEMbI KOOPAMHAT, €CTh He

4TO MHOE, KaK MeTapu3UdyecKoe BOIAOIeHHe
CTPYKTYPbl HallpsDKeHMsl, HAA€ACHHOMN OpTOTO-
HAAbHOM OTHOCHTEABHO IIeHTPa BOSHUKHOBEHHS
CHCTEMOM CBSI3H OAHOMEPHbBIX 9AeMeHTOB HaIlpsi-
xenus (pebep ky6oB runepkyb6a).

PoAb erumerckoro TpeyroAbHHKa Kak IlIa-
0AOHA, B COOTBETCTBHM C KOTOPBIM YCTaHAaB-
AMBAETCSI OPTOrOHAABHOCTb B pOPMHUPOBAHUU
CTPYKTYpPBI THIIEPKYDQ, IIOAYYaeT AOTIOAHUTEAD-
HOe TOATBEPKACHHE TIPU PACCMOTPEHHH CBA3U
HepPIIeHAUKYASPHBIX APYT K APYT'Y BEKTOPOB 4-TO
U3MepeHHs U YCAOBHBIX TOPU30HTAABHbIX K HUM
AVIHUY CO CTPYKTYPOM pacCMaTpPUBAaE€MOH AUAro-
HAABHOM IAOCKOCTH IecTUrpaHHuka. OHa cTa-
HOBHTCSI OYeBUAHOM IIPU COEAUMHEHUHN KOHIJOB
YKa3aHHBIX OPTOTOHAABHBIX APYT K APYTY AUHHIL.
B pesyabTaTe BOSHUKAIOT €TUIIETCKUE TPEYTOAD-
HUKH, KOTOpPbIe 00Pa3yIoT ABe 3epKAAbHO CHIMMe-
TpHU4HbIe Mappl mupamua Xedppena. Onu BMecTe,
uMesi 001Iue OCHOBAHMSI Ha TOPU3OHTAABHBIX 110
OTHOIIEHMIO K BeKTOpaM 4-ro U3MepeHus AMHU-
SIX, OTPAXKAIOT Ka4eCTBEHHO MHYI0 OPTOrOHAAD-
HYIO CBSI3b B CTPYKType TUIIepKyba [0 CpaBHe-
HUIO C BbIIIEPACCMOTPEHHbIMU TUPAMHAAMHU.

Ilepecekas Apyr aApyra, 3TH IMPaMHUADI CBO-
VIMH BepUIMHAMU 00BEAUHSIOT [0 AMATOHAASIM-
BeKTOpaM 4-TO H3MepeHMs NPOTUBOAEXKAIHe
YTABI IPSIMOYTOABHMKA, a UX O0ILIMe OCHOBAHMS
00pasyIoT IIOCAEAHIOIO ITAPY 3ePKAABHO CHMMe-
TPUYHBIX IIMPaMHA, BEPIIMHBI KOTOPBIX COBMe-
I[eHbI B IIeHTPe apaAACAOTPAMMA, 3 OCHOBaHMS
SIBASIFOTCSI OOKOBBIMU CTOPOHAMH IIPSIMOYTOAB-
Huka EFHG. B aroii 06beANHEHHOM cucTeMe
IMPaMUA 0Opa3yIoliye UX eTHIIeTCKUE TPEYTOAb-
HHUKH OTPAKaIOT IPSIMYI0 OPTOrOHAABHYIO CBSI3b
BEKTOPOB 4-T0 U3MepeHHs C IIeHTPOM BO3HUKHO-
BeHIs [UIepKy6a.

Haxonen, camplii 6GOABIION eruIeTCKUi
TPEeYTOAbHHUK IIOAYJaeT CBOE BOIAOIeHHe IIPU

19



Section 1. Mathematics

OODEAUHEHUH KAXAOTO ABYHAIIPABA€HHOIO
BEKTOPa 4-r0 M3MepEeHUs] C MAAOK U OOABLION
CTOPOHOM pacCMaTPUBAEMOM IIPSIMOYIOABHOM
IIAOCKOCTH, AEASIIel [0 AMArOHAAU THUIIEPKYD

rorroAaM. B aToM Aerko ybeauTbCs, Tak Kak B 00-
Ppa3oBaBIIEMCS IIPSIMOYTOABHOM TPEYTOAbHUKE
YIOA MEXAY MAaAOH CTOPOHOM M THIIOTEHY30M

paseH S3°.
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BASIC REQUIREMENTS AND FEATURES OF WELL DRILLING
TECHNOLOGY FOR DUAL COMPLETION OF SEVERAL HORIZONS

Abstract: This article discusses the basic requirements and features of well drilling technology for dual
completion (DC) of several horizons. A number of problems encountered during the simultaneous operation
of several horizons, mainly with different characteristics (reservoir pressure, permeability, porosity, satura-
tion pressure, oil viscosity, and others) are described productive formations and solutions for their develop-
ment by independent grids of wells, as well as dependent factors for choosing the design of the wells of the
DC. The article substantiates the position that the use of expanding packers on a hydrocarbon solution after
72 hours to expand and completely isolate the zone of productive formations in the open borehole, reduc-
ing the cementing of the open borehole, as well as excluding the colmatation of productive formations with

cement mortar.

Keywords: oil and gas phenomenon, conductor, shoe, annular space, gap, casing string, wellhead, pre-

venter.

During oil production, one often has to face
the problem of simultaneous operation of several
oil-bearing horizons having different character-
istics (reservoir pressure, permeability, porosity,
saturation pressure, oil viscosity, and others) by
one well. In addition, each horizon sometimes
contains several layers with different character-
istics that require an individual approach to their
development. Even within the same formation,
characterized by sufficient geological uniformity,
there are always interlayers with different perme-
ability, separated by thin impermeable interlay-
ers. Filtering by such layers can occur indepen-

dently. Moreover, different pressures and oils
with different properties may exist in separate
formations, which necessitates separate opera-
tion of the formations. The presence of several
horizons or formations with different charac-
teristics makes it necessary to develop them by
independent well grids [ 1]. Experience in the de-
velopment of oil fields shows that more than half
of all capital investments are accounted for by
drilling wells. This task should usually be solved
at the first stages of development, and sometimes
at the stage of exploration or pilot operation of
the field, when information about its geological
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structure is limited due to the small number of
wells.

The main requirement is to dual completion
of wells on the basis of various studies and detec-
tion devices by composition, to determine the
share in the production of each reservoir.

The use of the descent of two-lift tubing is
necessary in the following cases:

— wells with significant differences in reser-
voir properties of formations and characteristics
of oils;

— flooded wells with large pressure drops;

— for joining an already exploited low-pro-
ductivity horizon, the operation of which is un-
profitable by a separate well;

— wells with a large distance in depth be-
tween objects.

Implementation efliciency:

— reduction of drilling volumes due to the
use of the hole of one well;

— simultaneous operation of facilities with
different reservoir characteristics and proper-
ties of oil;

— increasing the profitability of individual
wells by connecting other development facilities
or layers of different properties of one develop-
ment facility.

The technology of drilling wells for dual com-
pletion differs in design from conventional wells.
The choice of the design of such wells depends
on the following factors:

— availability of productive horizons;

— compatible drilling conditions;

— stability of the drilled rock in the descent
section of the operational filter shank;

— during two-lift operation, it is necessary
to mount the wellhead with a casing string of
at least ©¥244.5 mm and use it as an operational
column.

— if there are several layers in the well, it is
necessary to mount some of them with casing
pipes ¥244.5 mm, to ensure the operation of
the well, one of the descending elevators on a
244.5 mm casing string.

— fastening of the remaining lower produc-
tive horizons must be made with casing pipes or
filters @177, 168 mm or 139.7 mm in order to
operate them with a second elevator.

In oil wells, in order not to damage the res-
ervoir properties of productive formations, a
drilling fluid based on hydrocarbon oil is used
to open them. Drilling with an oil-based solution
eliminates the tightness during the construction
of vertical and directional wells.

In order to increase the drilling speed, screw
downhole motors with diamond bits are usually
used. In the composition of the layout of the bot-
tom of the drill strings during drilling, a logging
device is lowered to accurately determine the
opening of productive horizons and in order to
obtain logging data.

The choice of the diameters of the last techni-
cal column and the operational shank is selected
to the accuracy, for the correct selection of pack-
ers, gas lift valves, mandrels, circulation valves
and other tools in order to assemble them into
pumping and compressor pipes and descend into
the casing.

The descent of the operational shank made up
of casing pipes or filter ¥139.7 mm, 168.3 mm
and 177.8 mm is carried out on drill pipes. To
securely attach them to the intermediate column
(0244.5 mm, a special packer is installed on the
first pipe (head) of the operational shank us-
ing the pressure created at the mouth, which is
packed onto the wall of the casing ¥244.5 mm.

The choice of the type of packers and circula-
tion valves is made depending on the diameter
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of the last intermediate technical column, the
operational shank and the expected pressure of
each reservoir.

All casing columns are cemented to the
mouth. Only in the case of the descent of the op-
erational filter shank, fastening with cementingis
not performed and the separation of productive
layers from each other is carried out by special
expanding packers, which are equipped as part
of the layout of the descent filters [2].

The expansion of the packers occurs after the
descent of the production shank filter column to
the well under the influence of drilling fluid, the
deflated packers begin to expand after 72 hours
and completely isolate the zone of productive
formations in the open borehole.

There are different types of expanding packers
that expand on drilling fluid, the basis of which is
water and hydrocarbon. The choice of the type
of expanding packers for isolating an open hole
depends on the type of drilling fluid used.

The most difficult task when drilling wells for
the purpose of simultaneous separate operation
with the use of oil-based drilling fluid is high-
quality cementing of the open hole. Since the
cementing of casing strings in the presence of oil

solution on the well is not possible, because there
are lubricating properties that can cause poor-
quality cementation with the formation of chan-
nels between the cement stone and the open hole
or premature cementation. When cementing, it
is necessary to use a buffer solution to completely
displace the oil-based drilling fluid from the open
borehole [3].

When using oil-based drilling fluid in the drill-
ing process, all drilling equipment used, especially
rubber elements, must be resistant to the effects of
oil and strictly comply with fire safety. After the
descent of the operational shank, the wellhead is
equipped with special anti-blowout equipment for
the descent of two elevators into the well simulta-
neously. Perforation of all layers is performed from
the bottom to the top. For the purpose of safety,
perforation on all wells developed by the method
of dual completion was carried out with cumula-
tive perforators PKO-86, PKO-102 and Enerjet -
42 on drilling fluid. The descent of parallel eleva-
tors of pumping and compressor pipes is carried
out on special spider elevators. By creating excess
pressure, a leak test of packers and other elements
included in the layout of the two-lift operation of
the well is carried out.
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PREPARATORY WORK FOR THE PREPARATION OF
HYDROCARBON - BASED DRILLING FLUID

Abstract. The article considers the program of replacement of drilling fluid for inter-interval drill-

ing for the technical and operational column of the directional rectilinear interval of an exploration
well. The article describes in detail the procedure for replacing the ALKAR-3M drilling fluid with a
“Versadril” type hydrocarbon base solution. This work can be used to conduct drilling operations in

deep wells in fields with difficult mining and geological conditions, in order to eliminate complica-

tions associated with oil seal formation, absorption and accidents with the seizure of drilling tools

during drilling.

Keywords: solid phase, fluid, regeneration, hydrotreated fuel, hydraulic funnel, vibrating screen,

centrifuge.

Let’s consider the preparatory work on the
preparation of a hydrocarbon-based drilling fluid
for the exploration well N¢ 204 on the Northern
Goturdepe area from a depth of 3000-4662 me-
ters. The volume of the solution is directly propor-
tional to the volume of the solid phase in the solu-
tion system. The increase in the solid phase content
in the solution should be maintained at a minimum
levelin order to reduce the cost of drilling fluid and
drilling in general. Removal of the solid phase from
the solution can be achieved by using a double cen-
trifuge system operating at low and high speeds to
remove the fine solid phase and return the fluid to
the system and regenerate the barite.

Diesel fuel L-0,2-62 is necessary for drilling
fluid sealing due to the fact that the hydrotreated
fuel does not provide the necessary parameters
of the solution and requires a large consumption
of chemical reagents.

When mixing, we recommend installing a
shear agitator on the drilling rig (a hydraulic
mixer with a high shear effect) to significantly
improve the mixing of a hydrocarbon-based so-
lution, which will significantly reduce the use of
orgophilic clay at the initial stage of mixing the
solution, which in turn leads to a high viscos-
ity of the solution during drilling and requires
dilution [1].

Circulation system —it is necessary to equip
working tanks and storage tanks of the solution
with high-pressure “pistols” for faster and more
efficient sealing of the solution and its mainte-
nance in working condition. It is also necessary
to have a small capacity for the preparation of
various kinds of packs for pumping into the
well.

It is necessary to make the following update
of the cleaning equipment:
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— install high-speed centrifuges to return
barite (regeneration) to the working system and
remove the fine solid phase.

— install an additional «Mangust> vibrating
screen (only 2 vibrating screens per 1 drilling rig)
to ensure pumping of the required volume oflig-
uid required for the operation of the downhole
engine and effective cleaning of such volume im-
mediately after its exit from the well.

— it is necessary to have a grid with the ap-
propriate dimensions on a hydrocyclone instal-
lation for thorough cleaning of the solution from
the colloidal solid phase.

When selecting the type of solution, the fol-
lowing main factors were used:

1. Complications related to the solution and
conditions when drilling a curved hole.

2. Reactivity of clays.

3. Well manifestations and minor absorption.

4. Improving the practice and compliance
with drilling modes, as well as the penetration
rate to successfully achieve the design depth and
shorten the well construction cycle.

5. Minimizing damage to the reservoir prop-
erties of the productive horizon.

The vibrating screen must be under constant
control, including during lifting operations, un-
til the reception of the solution from the well is
transferred to the filling tank.

Pumping of heavy, viscous and any other bun-
dles should be carried out after lifting the tool to
the shoe of the column. When lifting, the first
2-3 candles should be pumped to avoid the ef-
fect of plunging/swabbing in the well [2].

The well, up to a depth of 3000 m, was drilled
using an upgraded inhibited drilling fluid of the
ALKAR-3M type.

When drilling a 295.3 mm bore, the well will
be replaced with a solution of the Versadril hy-

drocarbon-based system, at a depth of 3000 m.
Next, the 295.3 mm barrel will be drilled to a
depth of 4450 m along the hole with a vertical
depth of 4100 m. To drill this interval, equip-
ment will be used to set the zenith angle and exit
in the required azimuth direction, which requires
special control of the rheological parameters of
the drilling fluid. When drilling this interval, an
inhibited hydrocarbon-based drilling fluid sys-
tem «Versadril» will be used. The choice of a
hydrocarbon system was based on the composi-
tion of this system, which is a direct emulsion,
where the aqueous phase is a dispersed medium,
which excludes the chemical reaction of the solu-
tion with rocks in the well.

Considering the fact that drilling fluid previ-
ously used in another well (N¢.147 Northern
Goturdepe) will be used to drill this well, it will
be necessary to try to minimize the amount of
solid phase in this solution by centrifuging it
on high-speed centrifuges so that it can be used
without complications when drilling at the well
in question N2 .204 Northern Goturdepe field
[3].

The 215.9 mm barrel will be drilled from
4450 m to 4662 m along the hole using the
«Versadril» system. Part of the solution from
the previous section will be used when drilling
this section. The instability of the hole is pos-
sible due to decompressed layers and gas oc-
currence. The density of the solution must be
maintained at the level of 1.35-1.45 g/cm’. If
the density regimes of the solution are not ob-
served in this section, narrowing of the hole is
possible, and when creating repression, absorp-
tion of the solution is possible. The narrowing
of the barrel can lead to the seizure of the drill-
ing tool. It is also necessary to apply an emul-
sion with a diesel/water ratio of 70/30.
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Control of the volume of the solution is very
important when drilling this well. It is necessary
to have a work plan that will be constantly moni-
tored and adapted in accordance with the current
conditions.

Calcium Carbonate (Safe Carb) will be added
to the solution to prevent filtrate penetration and
minor absorption. The addition of Calcium Car-
bonate will stop the penetration of filtrate into mi-
crocracks and prevent instability of the borehole.

Sealed scales for determining the density of the
solution should be constantly used to remove the
exact parameters of the density of the drilling fluid.

Before the operation to replace the aqueous
solution with the «Versadril» system, the fol-
lowing is necessary:

— tohold a meeting to instruct the work plan
between the drilling crew and the drilling fluid
engineer.

— to circulate the well with a water-based
solution from the working tank to achieve the
minimum acceptable parameters of viscosity and
static shear stress.

— lower the chisel to the face as the new solu-
tion approaches the chisel.

— use large grids on the vibrating screen dur-
ing replacement and after for 1-2 cycles.

— pump a buffer of at least 60-150 m of the
borehole. The buffer must be prepared from die-
sel and VG-69.

Substitution sequence:

— Water;

— Viscous pack - bufter;

— Ahydrocarbon-based solution «Versa-
dril>.

The pump feed rate must be adapted to create
a turbulent flow.

In the process of replacement, do not stop the
pump in any case and do not reduce the speed of
its supply.

It is necessary to pace and rotate the tool dur-
ing the replacement process.

After replacing the ALKAR-3M solution with
a hydrocarbon-based drilling fluid «Versadril>,
perform a complete cleaning of the circulation
system and cleaning equipment.
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Abstract. The effect of zirconium oxide additives on the activity of zinc oxide in the reaction of

ethanol conversion to acetone has been studied. It is shown that the highest yield of acetone is ob-

served on samples rich in zinc at temperatures about 450-550 °C. It was found that the dependences

of the yield of acetone and the conversion of ethanol on the atomic ratio of cerium to zinc have the

form of a curve with two maxima.

Keywords: Ethanol, acetone, binary catalysts, zinc oxides, zirconium oxides.

Introduction

In regards with the transition to the use of
renewable sources of raw materials, interest is
growing in ethanol conversion reactions to obtain
substances valuable for industry. Thus, ethanol is
obtained in large quantities from plant raw materi-
als [1;2]. One of the interesting reactions of etha-
nol conversion is the obtaining of acetone [3; 4].
Acetone is one of the most important monomers
widely used in the petrochemical industry. In this
regard, the creation of active and selective catalysts
for this process is a very important issue for the
chemical industry. It is known from periodic litera-
ture that catalysts based on zinc oxide show a high
activity of the reaction of the ethanol conversion
to acetone [S; 6]. It is also known that zirconium-
based catalysts are often used as catalysts for vari-
ous reactions [7; 8]. In this regard, in this work,
the effect of zirconium additives on the activity

of zinc oxide in the reaction of the conversion of
ethanol to acetone was studied.

Experimental technique

Binary zirconium-zinc oxide catalysts of various
compositions were prepared by coprecipitation of
aqueous solutions of zirconyl and zinc nitrates. The
resulting mixture was evaporated at 95-100 °C,
dried at 100-120 °C, and calcined at 250-350 °C
until nitrogen oxides were completely released.
The resulting solid mass was calcined at 700 °C for
10 hours. The activity of the synthesized catalysts
was studied on a flow unit with a quartz reactor in
the temperature range of 250-700 °C. Thus, nine
binary cerium-zinc oxide catalysts of various com-
positions from Z-Z =1-9to Z-Z =9-1 were
synthesized. Five ml of the studied catalyst 1.0-
-2.0 mm in size was loaded into the reactor, and
its activity in the ethanol steam conversion reac-
tion was studied. The yields of ethanol conversion
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products, as well as the amount of unreacted etha-
nol, were determined on a chromatograph with a
flame ionization detector and a 2-m column filled
with a specially treated Polysorb-1 sorbent. The
amount of carbon dioxide formed was determined
on a chromatograph with a 6-meter column filled
with a Celite sorbent coated with vaseline oil.

Results and discussion

Our preliminary studies have established that
the reaction products of the conversion of ethyl
alcohol on binary zirconium-zinc oxide catalysts
are ethylene, acetaldehyde, acetone, carbon diox-
ide, as well as destructive decomposition prod-
ucts at high temperatures.

The results of study of ethanol conversion on

a catalyst with the atomic ratio == = 1 are shown

in Figure 1. As can be seen from the figure, the
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ethanol conversion reaction starts at the tem-
perature of 300 °C with the formation of acetal-
dehyde in the amount of 1.2%. With a further
increase in temperature, the yield of acetalde-
hyde passes through a maximum at 400 °C equal
to 12.6%. An increase in the reaction tempera-
ture leads to the formation of other reaction
products. Thus, the formation of another main
reaction product, acetone, begins at 350 °C, and
its yield at this temperature is 1.2%. Carbon di-
oxide also begins to form at 350 °C, and as the
temperature rises to 500 °C, its yield increases
from 0.9% to 9.9%. Ethylene also begins to form
at 350 °C in an amount of 0.3%, and its yield in-
creases with increasing temperature and reaches
4.1% at 550 °C. The highest conversion of etha-
nol on this sample reaches 37.3% at a tempera-
ture of 550 °C.
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Figure 1. Dependence of the yields of reaction products on temperature

on the catalyst with an atomic ratio
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The composition of the binary Z -Z —O cata-
lyst also significantly affects the yield and distri-
bution of ethanol conversion reaction products.
Figure 2 shows the dependences of the yields of

. . Z
ethanol conversion reaction products on the —-

atomic ratio at a reaction temperature of 350 °C.

As can be seen from Figure 2, with an increase in

V4
the =
Y4

n

atomic ratio, the yield of acetaldehyde

passes through two maxima on samples Z -
-Z =2-8and Z -Z = 7-3. The highest yield of
45
40
35
30
25

20

Yields, %

15

10

Z, 2

acetaldehyde is observed on the == == sample

and is equal to 22.6%. The yield of another target
product of the reaction, acetone, increases with
an increase in the atomic ratio of zirconium to
zinc in the composition of the catalyst. The max-
imum yield of acetone is observed on the Z -
-Z =9-1 catalyst and is equal to 24.5%. It can be
seen from the data obtained that carbon dioxide
and ethylene are practically not formed at a tem-
perature of 350 °C. The maximum conversion of
ethanol at this temperature does not exceed 40%.

—&—CH3CHO
=»—CH3COCH3

— — Conversion

Zr/Zn atom ratio

Figure 2. Dependence of yields of reaction products on the atomic ratio of

At higher temperatures, different picture of
the dependence of the yields of reaction prod-

Y4 ) ..
ucts on the ZV atomic ratio is observed. The re-

sults of studyi;lg the dependence of the reaction

ZV

product yields on the > atomic ratio at 500 °C

are shown in Figure 3. It can be seen from the
figure that at this temperature, the dependence
of the acetone yield and ethanol conversion on

Z, at350°C

n

the Z,

atomic ratio has the form of a curve with

two maxima on the samples Z -7 = 3-7 and
Z -7 = 8-2.The highest acetone yield and etha-
nol conversion are observed on the Z -Z = 8-2
catalyst and are 58.2 and 84.9%, respectively. The
yields of acetaldehyde, ethylene, and carbon di-
oxide slightly depend on the atomic ratio of zir-
conium to zinc and do not exceed 14.5%.
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Figure 3. Dependence of yields of reaction products on atomic ratio Z_ at 500 °C

n

Based on the conducted studies, it can be said high activity in the reaction of acetone forma-

that catalysts with a predominance of zirconium  {jon. The maximum yield of acetone on Z ~Z —O
or zinc at temperatures about 450-550 °C exhib- catalysts reaches 58.2%. C
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