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Abstract

This work is devoted to the study of generalized solution for one-dimensional mixed prob-
lem with non-self-adjoint boundary condition for a class of nonlinear differential equations. The
solution of the problem under consideration is reduced to solving a system of certain nonlinear

integro-differential equations.
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The work is devoted to the study of a gen-
eralized solution to the following one-dimen-
sional mixed problem

Uy, (t,) =y, (£,%) =

= F(t,%,u(t,x),u, (t,x),u,(t,x),u, (t,x),u,(t,x))
(0<t<T,0<x<1), @
u(0,x)=d(x) (0<x<1), u,(0,x) =y (x) (0<x <1), (2)
ut,0)=00<t<T),u (t,00=u,(t,1)(0<t<T), (3)

where 0<T < +u;F,¢,p are the given functions,
u(t,x) 1s a desired function, and under the
generalized solution of problem (1)—(3) we
understand the following:

Definition. Under the generalized solu-
tion of problem (1)—(3) we understand the
function u(t,x) having the following proper-
ties:

a) u(t,x),ux(t,x),ut(t,x)eC([O,T]x[O,l]);
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thy (£,%),1,, (£,x) € C([0,T]; L, (0,1));

0) all the conditions of (2) and (3) are sat-
isfied in the usual sense;
B) the integral identity

O — N

1
({1, (t,2) =10 (16,2)] -V, () + F(u(t,x)) - V (1,) | dxdt +
0

1

+[ly (%)= ")) V(0,x)dx = 0
0

is fulfilled for any function v(t,x), having the
properties

V(t,x) € C([0,T]1x[0,1]),V, (t,x) €
e L([0,T;L,(0,1)),V(T,x) =0 Vx €[0,1)’
where

F(u(t,x))=
= F(t,x,u(t,x),u, (t,x),u, (t,x),u, (t,x),u,(tx)) )

(4)



Few studies have been devoted to the
investigation of one-dimensional non-self-
adjoint mixed problems for third-order
semilinear equations. However, self-adjoint
mixed problems have been well studied (see
Huntul M., TekinI.,2022; AliyevS., Aliye-
vaA., Abdullayeva G., 2019; Aliyev S., Aliye-
vaA.,2020; AliyevS., KhudaverdievK.,1990
and the references therein), in which the
problem of existence and uniqueness in the
corresponding spaces is investigated. In
(AliyevS., Heydarova M., Aliyeva A., 2024),
studied the existence of a classical solution to
a one-dimensional mixed problem for a cer-
tain semilinear equation, which is simpler
than equation (1). But in (Aliyeva A., 2012)
the generalized solution and in (AliyevS.,
Aliyeva A., 2017) the almost everywhere
solution of the considered mixed problem
was investigated.

It is known (IonkinN. 1., 1977) that the
systems

Xo(x) = x""’sz—l(x)
X, (x) =sin27kx,... 5)

= xcos2mkx,

and

Y()(x) =2,

. (6
Y, (x) =4cos2mkx, Y, (x) = 4(1— x)sin 27 kx,... ©)

form a biorthogonal system of functions in
the space L,(0,1), and that system (7) forms
a basis in the spaceL,(0,1). Then, it is obvious
that each generalized solution of problem
(1)-(3) has the form:
u(t,x) =Y (0 X, (x), 7)
where k=0
Uy (t)=

u(t, Y, (dx (k=015 €[0.T]).  (8)

o-_,._‘

Now let’s apply the formal scheme of the
Fourier method to problem (1)-(3). Let

=§:uk(t)Xk(x) be any generalized solu-

k=0
tion to problem (1)-(3). Then it is obvious
that for any fixed x (k=0,1,..) and any ¢ €[0,T]:

1 2 1
[IREIAE jtz[ | u(t,x)Yk(x)dx] =ul(t);  (9)

0 0

1
—J‘utx(t,x)Yk'(x)dx =

1
[t (8,0 ()l = 1, (£, 00V, ()]
0 0

x=0
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1

= —Iutx(t,x)Yk'(x)dx =

0

1
_ —ut(t,x)Yk’(x)‘i:) + Iu, (t, %)Y (x)dx =
0

1 1
= Iut (£, %)Y (x)dx = dUu(t,x)Yk"(x)de , (10)
0 dr 0
since
u, (t)O) =u, (t)l))utx (t>0) = Uy, (t>1)>Yk (0) = Yk (1) 5
u(t,0) = 0,4, (£,0) = 0,Y;(1) = 0.
Further we will adopt the notation
1
E,(wt) = [ Fu(t, )Y, (x)dx (k=0,1,..5¢ €[0,T]), (11)
0
where F is defined by (4).

From equation (1), multiplying it by the
function Y (x), integrating the resulting
equality overx from O to 1, using relations
(9),(10) and notations (11), we obtain that
for any k (k=0,1,..) and t<[0,T]:

" d p ",
ul () —dt['([u(t,x)Yk(x)dx] =F (1),

Now, using relation (8) and notation (10),
we obtain that for any v+ €[0,7]:

uy(t) = Fy(ust), (12)
uy_ (1) + (k) ()= Ey(wst) (k=12,..), (13)
u;'k(t)+(27rk)2 (1) = (14)

= —drk-uy () +F, (1) (k=1,2,...)

Thus, the general solution of equations
(12) — (14) has the form:

uy(t) = Ay + By -t + [(t=7)- (wst)dz (¢ €[0,T]),

—(27k)’
oy (1) = Ay + By e 4

1 t
+W'£[l_
(k=1,2,..;t €[0,T])

ty (t) = Ay, + By, e T +4rk- By, x

x{(z 1k)2 '[l_e(m)zﬂ_t'e(WT}_
T

el

0

1 t[ —@rk)(t-1)
+ 1= B }F (wT)dr
(k) { * ,

—(2mk) (t—
e (27k)” (¢ T)J'sz—l(u;r)d‘[

5

2
@kl g (u;c)]dr +

(k=1,2,..5t €[0,T])

where A,,B, (k=0,1,..) are arbitrary constants.



From this it is easy to obtain that the

t1
functions u,(t) (k=0,1,...) is reduced to solving uy(t) =@+t + ZH(t —7)F(u(t,x))dxdr
the following countable system of nonlinear 00 , (18)
) I ; A (te[0,T])
integro-differential equations: |
| Uy(t) =y +yyt+ Uy (D) =y + W[l e :| Vok1 T
! 15 ‘1
+“.(t—r)F(u(T,x))YO(x)dxdf (t €[0,T]) (15) — IjF(u(r x))cos 27 kx - [1 g TR (e T)}
00 k 00
Uy, () =y, + ﬁ : [1 e ] Yoy + dxdr (k=1,2,..; t €[0,T]), (19)
t1
—Qr k) (t-1) . _ 1 d1= ~(2mk)’t . _
o JIh-e [1-c |- Pz, )y (e )=t 1 oy
_ . _L 1 _—akit |, —Crkre | B
(k=1,2,..; t€[0,T]), (16) {(Zﬂk) [1 e ] te Vo
— L -2n k)’
Uy (8) =@y + 2k [1 e ] Vo — —i-j‘[l—e’(“k)z(”qu
1 1 —Qrkit —Qrkyt k5
E— [1_6 :|—t~e Woka — .
(271 k)? F —Qrk)P(t-c)
x IIF(u(U,x))cosanx-e dxdo |dr +
_L.j[l_e—(znmr—n}x 00
7Tk ) t1 5
o Y _” x))sin27rkx-[1—e_<2”k) (H)dedr
{ [[emhite ~F(u(o,x))Y2k1(x)dxd0}dr + 00
00 (k=1,2,..; t€[0,T]). (20)

. Thus, after applying a method similar to
j[ ‘(2”")2("”}-F(u(r,x))sz(x)dxdr the Fourier method, the solution of problem
0 (1)-(3), i.e. finding the functionu(t,x), is re-
(k=1,2,..; t€[0,T]), (17)  duced to solving a system (relative to un-
If in system (15)-(17) instead of functions  known functions #(t) (k=0,1,..) (18)-(20) of
Y. (x) (k=0,1,..) we substitute their values de- nonlinear integro-differential equations,
termined by relation (6), then system (15)-  while it is necessary to keep in mind the nota-
(17) will take the form: tion (4) and relations (7), (8).

e,

(27Tk 2
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