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DIMENSIONALLY QUANTIZATION OF THE ENERGY
SPECTRUM OF HOLES IN A P-Te QUANTUM WELL

Absract. The dimensionally quantization in a potential well grown on the basis of a gyrotropic

crystal (for example, p-Se or p-Te) is theoretically investigated.

Expressions are obtained for the wave functions of holes depending on the dimensionally

quantization number.

It was shown that the dimensionally-quantized spectrum of holes in gyrotropic crystals depends

on the ratio of the hole energy to the height of the potential barrier. In particular, the energy spectrum

of holes in the well consists of a set of dimensionally-quantized levels that do not intersect with each

other due to the presence of an energy gap between subbands of the valence band.
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L. Introduction

Recently, considerable attention has been
drawn to dimensionally quantization (DQ), which
has applications in optoelectronics [1]. For semi-
conductors with a simple band structure, the study
of interlevel optical transitions in structures for an
arbitrary potential was carried out in [2; 3]. At the
same time, interlevel optical transitions in semi-
conductor structures with hole conductivity are
of interest because of the nonzero absorption for
light of arbitrary polarization, which have practical
applications [4]. A theoretical study of this kind of

problem is hampered by the complexity of the band
structure of the crystal.

In particular, in [5-7], such a problem in the
case of a rectangular dimensionally quantized well
(DQW) with a fixed thickness was solved numerical-
ly. However, even a small variation in the thickness
or depth of the RQW can greatly change the final
result, which makes it difficult to analyze intermedi-
ate calculations. In [8], on the basis of perturbation
theory, analytical expressions [9] were obtained; the
energy spectrum, the wave function of holes, and
the intersubband absorption of polarized radiation
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in an infinitely deep quantum well of a semiconduc-
tor were studied. The calculations were carried out
in the Luttinger-Kohn approximation [10; 11] for
semiconductors with a zinc blende lattice.

However, the theoretical study of dimensional
quantization in a potential well (DQW) grown on
the basis of a gyrotropic crystal (for example, p-Se
or p-Te) remains open, which is the subject of this
communication.

Note that the study of a number of phenom-
ena, in particular, optical or photovoltaic effects in
dimensionally-quantized structures (QW) requires
knowledge of the energy spectrum and wave func-
tions of electron current carriers.

II. Basic ratios

For a quantum well with a potential U(z), the
effective Hamiltonian for a quantum well with a po-
tential U(z) is the effective Hamiltonian of electrons
in p-Te in the form

H=Ho+ Z A0, (1)
where Hy = AK® + Bk, A, =A, A, = Bk, and itis
assumed that the phases of t M, he function are
chosen so that the coefhicient at k, isreal, 2A — spin-
orbit splitting of the valence band at the M(P) point
of the Brillouin zone), ki =k +k2, A,B,B, are
band parameters of p-Te, k, =k, (sing, cose)is two-
dimensional wave vector directed along the interface.

The wave functions in the upper valence bands (
M', and M',) are a superposition of states with the
projection of the angular momentum on the axis Z

(m, =%3/2)
v = D cf;jmz(, (2)

m,=+3/2
where C!) =C% = (1+n)/2, CY), =—C§)) =
(1-n)/2, n =ﬁkz (A*+p kﬁ) .

The spectrum of holes in the valence band in a
bulk gyrotropic crystal has the form
E (ko k, .k, )= Ak +BE —(=1)" (A* + &)
(1=1,2). (2)

Here A=#’/(2m,),B=0"/(2m,), m, and m,
are the transverse and longitudinal effective masses

of holes in the subbands M', and M',, which are
equal with the opposite sign to the effective masses
of electrons.

Then choosing the dimensionally quantization

axis Oz and assuming that k, = 1— from (1) we

have 0z
H=H,+RK, (3)

where

_ 0 1 1 0/ |1 0o

o= L O}B[o 1}§_lﬂv{o —J&“ﬂz)’

_ 1 0],

Rl (e @

II1. Hole states in a tellurium quantum well
The unperturbed energy levels E (0) and the

l//2
(0)

bands M é (£ =2,1) the conduction Eand of p—Te
are determined from the following matrix differential
equation with band parameters A,B:

Ol//éO) - él/;é())’ (5)

wave function of electrons " = in the sub-

E
(3 . Then we have
0

(0) 2
{é|: l//2(0:| a |: 31//2 j|+U(Z)|:l//2 :|}:
2 v, 0z° 1‘//1 l//l
E (0)
{;’fo)}, (6)
Vi
To simplify the problem, we assume that

U(z) =U, = const . Then the last equation will look
like

where E =

oy 1 =1 o, By Oy A
-—|U(z)-E il —y ! =0,
U@ E ity )
oy 1 - B, oy A
——|U(2)-E 0 _.rvZ¥1 =0 _
o BV i s
or
2.(0) (0)
‘l/; Koy ik, 0 i;w” =0, (8)
0z
1 ~ A
vy =y, iy
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We will seek solution (8) in three approxima-
tions, which we analyze in more detail below.

1. Approximation. From (8) it is easy to obtain
the following system of equations

82 (0)
Yoy =0
N ©)
— +_Al//£0) — 0)
0z Kp,

whose solution we write in the form
y” =D, exp(k,z)+C. exp(—k,z), (10)

where k, =&, k_ =K,,unknown quantities D, , C
are determined from the boundary conditions of the
problem, which will be discussed further. Note that
k_the real value, x, parameter can be both real (at
U,)E ) and imaginary (at U,(E ) values. Then the
wave function y” in the first case will be exponen-
tial, and in the second case it will be trigonometric.
If k, the value isreal, then we can assume that D, =0.
This means that current carriers (holes in p-Te) with
energy E(U, will behave like a de Broglie (plane
wave), but in other cases they will not.

Further, we assume that the holes are in the po-
tential well. Then
w” =D, exp(ixz)+C, exp(—ikz),

2
WEO) — C exp(_K_AzJ)
1 KB

i

(11)

where it is taken into account that U, =0,
K, = 1\/]?/73 =ik . Then, from the conditions of or-
thonormality and finiteness of the wave functions of
holes at the interfaces of the well, we have that
l//io)(Z)=2Kl/2 COS(KZ) —. (12)

[21«1 + sin(ZKa)}
From the boundary condition of the problem,
we obtain expressions for the size-quantized energy

spectrum of holes

. (en+1)

E:BTTE (13)

2. Approximation. Now we look for the solution

(n=0,1,2,...)

of equation (8) in the form
v\ =Dexp(xz) v =D exp(K*z) ,(14)

where k* and D" are the complex conjugate wave
vector and a parameter whose analytical form can be
determined from the above boundary conditions.
Then it is easy to obtain the following relations, use-
ful for further calculations

. |:(—K'2 +K§)+i(—1<*1<ﬂv +K; )T b (15)

re?

" (—K2 +K§)2 +(—K*Kﬁv +K§)2
where D, and D,, are the real and imaginary values
of the quantity. It can be seen from (15) that the
form of the wave function (14) depends on the phys-
ical nature of the wave vector. Therefore, consider the
following cases:

a) let the wave vector be a real value, then
Dim == 2% Dre )
1

gre +

where ¢, =(—K2+K;)/(—KKI3V +K§) . Then the

(16)

wave functions of holes take the form
2 — .
gre +1 + 2 lgre
vy (z)=22—""22D exp(kz). (17)
S +1
Then the energy spectrum of current carriers is de-
termined from the following transcendental equation

E) _ ¢ K, *
B), ¢/ +1 "

2 ~, 1/2
|| 22, | +4 E_ 2 ol . (8)
G +1 7 B g} +1

It can be seen from (18) that the energy spec-
trum takes real values when the following inequali-
ties are fulfilled

1/2

2
. B| 2
2 g}’e + 1 gre + 1

zgre 2 gre
G+ "

2
; (19)
) 6. +1Kﬁ"j

b) let the wave vector be an imaginary quantity,
then the relationship between the quantities D,, and
D, is described as

D, =-2-2"_D

re )

and the wave functions of holes are determined by
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V/iO) (z) = %(Hibz)exp(lcz),

I//EO) (Z) — Dre(l_(li?;.zbz)z]exp(lcz), (21)

2

2 *
K,—KK
) 2 2 _ A By
where Gim —(K +KE_KK/3V)/KA' b2 —W.
E

Now let’s try to solve the system of equations (7)
in general form. To do this, after transforming in (7), it
is easy to obtain the Schrodenger equation in the form

AT

oz* - E B ) 0z*

1 ~\2
—?{AZ -(U,-E) }w;w 0.  (22)

Consider the following cases:

a) for holes located in the well (U, =0), equation
(22) takes the form
A RNCA
oz* b oz
whose solution we seek in the form
w" =B,-e“" +B,-e“" +B,-e ", (24)

where N7 :B’l(E—i-B’l[j’é), N; =sz(A2 —Ez) )

} 1 2
a, =N, a, =iN,, N, =\/E[i(@<f)+ (%) +4N§}
and, in what follows we will take into account that

(Nf)( (Nf )2 +4X; . Then, from the conditions of

finiteness of the wave functions at the interface
boundaries, we have

(0)
2

Nl =0, (23)

vy (2)=—"

where B, is determined from the normalization con-
dition of y{”(z).

The energy spectrum of holes in a potential well
is determined by the relation
sin(N_-a)—cos(X_-a)+ z—exp(—t*é+ -a)=0.(26)

b) for holes outside the well (U, #0), the wave
function of holes is determined by expression (25)
and the energy spectrum by relation (26), but the
following substitutions must be made: X, < @, ,

N, <> ,, where @, zé{Az —(UO ~E, )2} )
1 - B
ifoe )

c) in case of resonance, i.e. when the energy of
holes is numerically equal to the height of the poten-
tial barrier, then the wave function of holes is deter-
mined by expression (25) and the energy spectrum
by relation (26), but the following substitutions
must be made: Nj &N, Nj <N, where

N, =%, Ni =B7(A*—F?)

B e(2iN7+N+ )a — eiNJr a_ 21 Sin(N_
ch(N, -a)—cos(X_-a)

) (5 ) )} S0

It can be seen from relation (22) that the wave
function of holes in the potential well has two terms,
one of which is exponentially decaying, and the rest
are oscillating.

Conclusion

Thus, it was shown that the dimensionally-quan-
tized spectrum of holes in gyrotropic crystals has a
complex form and depends on the ratio of the hole
energy to the potential barrier height. In particular,
the energy spectrum of holes in the well consists of
a set of dimensionally-quantized levels that do not
intersect with each other due to the presence of an
energy gap between the sus M| and M, .

Expressions are obtained for the wave functions
and energy spectra of electrons for various cases, dif-
fering from each other in the relations for the char-
acteristic wave vectors, which, in turn, depend on
the band parameters of the semiconductor and on
the energy gap between the subbands of the valence
band of a gyrotropic crystal.

29



Section 3. Physics

10.

References:

Ivchenko E.L. Optical spectroscopy of semiconductor nanostructures // E. L. Ivchenko-Harrow (UK):
Alpha Science, 2005.— 350 p. ISBN: 1-84265-150-1.

Vorobyov L. E., Ivchenko E. L., Firsov D. A., Shalygin V. A. Optical properties of nanostructures. S.-Pb.
Nakau. 2001.- 192 p. (in Russian).

Petrov A. G., Shik A. Interlevel optical transitions in potential wells. Phys. Rev.— Vol. 48.1993.— P. 11883-1187.
Rasulov V.R., Rasulov R. Ya., Eshboltaev I. M., Sultonov R. R. Dimensionally quantization in n-GaP.
FTP.— Vol. 54. 1995.- P. 358-362. (in Russian).

Chang Y.-C. Saturation of intersubband transitions in p-type semiconductor quantum wells. Phys. Rev.—
Vol. B39.2020.-P. 12672-12677.

RasulovR. Ya,, Rasulov V.R., Eshboltaev I, Mamadalieva N. S. Absorption of linearly polarized radiation
in a dimensionally quantized well. Uzbek Physics Journal: — Vol. 20.— No. 3. 2018.—- P. 361-365.

Petrov A. G., Shik A. Absorption of light by holes in quantum wells. FTP.— Vol. 28.1994.- P.2185-2191.
(in Russian).

Rasulov V.R., Rasulov P. Y., Eshboltaev I. M., & Sultonov R.R. Dimensionally Quantization in n-GaP.
Semiconductors,— Vol. 54(4).2020.- P.429-432. URL: https://doi.org/10.1134/S1063782620040132
Golub L.E., Ivchenko E. L., Rasulov R. Ya. Absorption of light by holes in quantum wells. FTP.— Vol. 29.
1995.— P. 1093-1099. (in Russian).

Ivchenko E.L., Rasulov R. Ya. Symmetry and real band structure of semiconductors.— Tashkent. “Fan’”.
1989.- 126 p. (in Russian).

30



