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BINOMIAL ASSET PRICING

Abstract. In this project, I study the binomial asset pricing model and its application in derivative
asset pricing. Specifically, using central limit theorem, I summarize the connection of the binomial
asset pricing model and the famous Black Scholes asset pricing model. The computer simulation is
conducted to prove the theoretical result. Additionally, I practiced the derivation of the Black Scholes
option formula and employed it on Apple’s call option pricing. The formula price is in great consistent

to the option price observed in reality.
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1. Motivation

Due to its function of risk hedging, financial de-
rivatives has taken up a huge proportion of the finan-
cial market, with its estimated value far more than
the sum of all countries’ gross domestic product.
Considering the importance of this market which
includes options, futures, and so on, it is crucial for
the common public to obtain a way of measuring the
value of derivatives. In the case of option trading,
asset pricing makes it practical to determine a strike
price of option contracts that both buyers and writ-
ers could be convinced of.

2. Financial Data Visualization

The return data is probably one of the most im-
portant examples of financial data. Due to its possi-
bility of being extreme negative and extreme nega-
tive, the normal distribution is often used to describe
its movement and distribution. Since the stock re-
turn is in the following formula relationship with
respect to stock price:

AR N ()

0

It thus goes without saying that the stock price
follows log normal distribution once the normal
distribution is assumed by the return data. When I
study and plot the finaical return data of SP 500, it
indeed demonstrates great normality.

Lastly, when I calculate the value of options
using the black scholes model, I also discover that
lognormal distributions can best describe the value
of St.

3.Model

3.1 Some Definition

« Random variable.

According to The Practice of Statistics, Fifth
Edition, for Advanced Placement (AP®) Statistics,
a random variable takes numerical values that de-
scribe the outcomes of some chance process. Dis-
crete random variables form a set of values with
equal gaps between adjacent values, whereas con-
tinuous random variable is selected from a infinite
set that covers the entire domain of the probability
distribution.
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SP500 Return Data
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Figure 1.

« Expectation

Discrete
E[X]=> X.P,
where p, is the probability for X = X,
Continuous
E[X] = fxf(x)dx

where f(x) is the probability density function

« Variance
Discrete

VaR[X]=Y (X, ~E[X]) orE[ X* |- E*[X]

i=1
Continuous
Var[X] = fxzf(x)dx - E’[X]

« Central Limit Theorem

The central limit theorem implies that when we
have infinity sample data from one distribution, the
sample means of the distribution follows the pattern
of normal distribution.

\/; Z:Xi ~N(,u,(72)

3.2 Model Setup

Given the initial stock price S, the price of the
stock can either move up or move down. The model
starts with a very simple bivariate case study where
it assumes the stock price at next time step S, can go
up with percentage u and probability p, and it can

go down with percentage d and probability 1-p. If we
keep repeat the process n times, we have the follow-
ing tree representation to describe the stock price
movement trajectory.
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Figure 2.

If we adopt this model to describe the stock price
movement, we could potentially derive the future
stock price given the probability # and movement
percentage 1 and d . Notice that for the future stock
price, the trajectory doesn’t matter, and we just need
to count how many times does the stock price move
up and down. The price movement dynamic might
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seem to be unrealistic at the beginning, but the mod-
el could evolve step by step to a much more realistic
model.
3.2 Binomial Probability
Suppose that after n time step, we reached at
some future time step T, then each one step is equiv-
alent to A =Z. Now if the stock price S, is of our
interest, we have could have S, tobe modeled by the
following equation:
S, =S,RRR,..R, =Su"d"™
Where:
« x is the number of times the stock price
moves up;
« n—x is the number of times the stock price
moves down.

It is thus straightforward to observe that x fol-
lows binomial distribution with parameter n and p:
X~ Binomial(n,p)

According to the discrete random variable expec-
tation and variance formula, we have
E[S,]=E[S,RR,R,...R,] = E[ Su"d"™ | =

=", Sud" ™ p(X =x)
VaR([S;]|=VaR[S,RR,R,...R,|=
=X Surd" p(X =x)—-E*[S;]
Specifically, for n =1, assume p = % , we have:

E[Sl]=%50(u+d)

1
Var[$,]=2S; (v +d*)-E[5,]
From the reality, we could estimate on average
the one-time step stock return with
E[R]=1+b5
VaR[R | =c’A
If we match up with the formula above, we could
solve:

%So(u+d)=50(1+bA)

1
Esg(uz +d*)-S; (1+bA) =0’ A

And obtain:
u=1+bA+ O'\/K
d=1+bA-cA
Since we only need to match the mean and the
variance asset pricing model to the data, we could

alternatively model:
S, =S,R'R}...R}
With
R =(1+bA)(1+X,)
and
bA withp=1/2
X = 1+bA
_ovA withp=1/2
1+bA

3.3 Central Limit Theorem

Now the model is not very realistic because it re-
lies heavily on the assumption that within a short
time period A, the stock price can only move up or
move down. Ideally, we want to take the limit of the
time period A to be 0, so that the stock movement
can have many different possible cases.

If we take log on both side of S, from 3.2, we
have

log($S,) =log(S, )+log(1+bA)+log(1+X,)

When A is small, we can apply the following Tay-

lor Expansion approximation
log(1+x)=~x
And we have
log($,)—1log(S,) ~ bA+log(1+X,)
=bA+E[log(1+X,) |+

log(1+Xt)—E[10g(1+Xr )]

Glog(1+Xt)

If we apply the central limit theorem on the last
term, we obtain:

log($,)—1log(S,) = bA —%O'ZA +

+O

log(1+X,)

o’A

log(1+X,)+
+6\/K : =~

oA
~ (b —lasz + N(O,GZA)
2
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and if we add the left-hand side repeatedly up to S, :
log (S, )—log(S,)=log(S, )—log(S,_, )+
+log(S;_, ) —log(S;,)+...+1og($,) =
~ (b—%GZjT +oN(0,T)
This is implicitly saying that:

S, = Soeprb - %Gz ]T + GN(O,T)}

3.4 Option Pricing
One of the most straight forward application of
such a generalized binomial asset pricing model is
to conduct asset pricing for financial derivatives. For
example, if we want to investigate the price of a call
option:
C,= max(ST - K,O)

We just need to apply the expectation formula for
continuous random variable:

E[C,]= E[ max(S, -K,0) |=]",(S; (x) - K)" f (x)dx
Specifically, after taking the risk-free discount

factor into consideration, the option price today can
be derived as below:

E[C,]=E| exp(—rT)max(S, - K,0) | =
= exp(—rT)E[(S; = K)Ls .1 =
= exp(~rT)E[ S 1 ) |exp(—rT)KE[ 1, | =
= exp(~1T)E| Syl . |-exp(~rT)K P(S, > K) =
=exp(=rT)[7 S, £(S,)dS, —exp(-rT)K P(S, > K)

Notice that for the second part

P(S; >K)=P(In(S;)>In(K))

—1-F ln(K)_ln(So)—(r—;oij

; (r_;gijHn(So)—ln(K)

oNT

oNT

znk—lnso—(r—;GZJT

For the first part, denote u =

oNT

exp(—rT)If STf(ST)dST =exp(—rT)jjSO exp((r—%ﬁij+aﬁZ f(z)dz:

1 1 z’ 1 o 1 2 -20\TZ+0'T| (o’
=5, exp[—gazT)J‘u [ ]exp(GﬁZ)dz:So exp(—zcszL\/ﬁexp(— ) ]exp( )

2

NI exp

R

2

! exp{_(z2 _Gﬁ)z ]dx =S,F

Tjdx:

InS, —an+(r+;0'2)T

oNT

In conclusion, the option price for today with maturity T and strike K is given by:

— 1 1., B
C,(T,K)=s,F| ™ an+(”26 jT ~ Kexp(~rT)F (r 50 jT+ln(So) In(K)

oNT

oNT

The formula is the famous Black Scholes formula for option pricing.

4. Result

I here plot the binomial asset pricing path and
keep refine the time grids A to 0.

As we can see from the plot that as the time grids
A goes to 0, the stock movement gets more and more

realistic. This is because, within a small step A, the
stock movement finally approximately equal to a
normal distribution with infinite many possible
choices and probabilities.
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Figure 3.

Besides the trace plot, I also apply the derived tility is also found through the package with
Black Scholes formula to conduct call option pricing. & =0.2638. Asitis for today (07/23/2021), Apple’s
I used python package to obtain the Apples’ stock  stock price is 148.56 and I extract the 6 months’ risk-
price(AAPL) and its option price (maturity on free rate from U.S Department of Treasury that
01/21/2022 with strike K=150). The implied vola-  r =0.05. The derived option price is thus:

1
In148.56—1n150+ (0.05 + 50.26382 )0.4986
0.2638+/0.4986

[0.05—;0.26382)0.4986+ In(148.56)—1n(150)

C,(T,K)=148.56F

—150exp(—0.05*0.4986) F =12.03
0.2638+/0.4986
The computed price is very close to the real op-
tion price, which is 10.3
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